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A B S T R AC T
Commercial devices for optical coherence tomography greatly benefit from the exceptional
features of broadband light-emitting quantum dot superluminescent diodes (QDSLDs). Here,
light generation occurs at the transition from spontaneous to stimulated emission, the regime
of the amplified spontaneous emission. In this context, initially spontaneously emitted photons
are amplified by stimulated emission processes when traversing through the QDSLD, which
leads to strong light amplification. The suitable choice of the waveguide geometry and the gain
medium formed by quantum dots, enables large spectral widths of some terahertz combined
with a rather higher degree of spatial coherence. Modern measurement methods based on two-
photon absorption processes provide a temporal resolution of some femtoseconds and thus
allow correlation studies of the emitted QDSLD light. Also from a theoretical point of view,
the characterization of the amplified spontaneous emission generated by QDSLDs and their
associated photon statistics represents an interesting and challenging research topic. Especially
in a particular temperature regime these devices exhibit uncommon properties with regard to
the temporal field and intensity correlations g(1)(τ) and g(2)(τ): While g(1)(τ) reflects the
rather highly incoherent nature of light emitted by QDSLDs due to its spectral width of several
THz, a reduction of g(2)(0) from 2 to 1.33 at a temperature of T = 190 K was observed in the
Semiconductor Optics group of Prof. W. Elsäßer at the Technical University of Darmstadt in
2011 [1]. The understanding of the occurrence of these hybrid coherent light states, which are
simultaneously incoherent in g(1)(τ) and coherent in g(2)(τ) is the subject of this thesis.
In a first step we find the quantum mechanical light state associated with the QDSLD to be well
described by a multimode phase-randomized Gaussian state by comparison with experimental
results. In the second step we present a microscopic theory of the amplified spontaneous emission,
which allows an explanation of the temperature-dependent noise suppression of broadband
QDSLDs. For this purpose we consider distinguishable quantum dots, which are embedded in
a strongly absorptive bulk material that defines a waveguide. Tilted and anti-reflection coated
output facets, leading to a suppression of longitudinal modes, are modeled by beam splitters
that couple the internal field to the surroundings. Regarding the spectral properties of QDSLDs,
the broadband light generated inside the diode is described by a multimode electric field. This
multimode quantum field theory yields rate equations for the optical power densities and the level
occupation of the inhomogeneous ensemble of quantum dots within the diode. With the help of
the input-output formalism, we determine the optical power spectrum. As a main result, we find
the broadband external power spectrum to be a convolution of the intra-diode photon spectrum
with a Lorentzian response. This finding corresponds with experimentally available spectra.
Furthermore, based on the quantum theory of QDSLDs we determine the central second-order
degree of coherence g(2)(0). It reveals a reduction within a special detuning regime and therefore
allows the interpretation of the hybrid coherent light phenomenon from a quantum optical point
of view.
iii

Z U S A M M E N FA S S U N G
Kommerzielle Messapparaturen für die optische Kohärenztomographie profitieren von den
einzigartigen Eigenschaften von breitbandigen Quantenpunkt-Superlumineszenzdioden (engl.
quantum dot superluminescent diodes (QDSLDs)). Die Lichterzeugung tritt hier am Übergang
von spontaner zu stimulierter Emission auf, welches dem Bereich der verstärkt-spontanen Emis-
sion entspricht. Die zu Beginn spontan emittierten Photonen werden bei ihrer Propagation im
Wellenleiter durch stimulierte Emissionsprozesse verstärkt. Mittels geeigneter Wahl von Wel-
lenleitergeometrie und Gewinnmedium, hier Quantenpunkte, werden große spektrale Breiten
von einigen Terahertz mit gleichzeitig hoher, räumlicher Kohärenz realisiert. Der Einsatz von
sogenannten Zwei-Photonen Absorptionsdetektoren zur Messung von zeitlichen Korrelationen
ermöglicht Auflösungen von einigen Femtosekunden und erlaubt somit auch Korrelationsstudien
von terahertz-breiten QDSLDs. Aber auch aus theoretischer Sicht stellt die Charakterisierung der
verstärkt spontanen Emission von QDSLDs und deren photon-statistischen Eigenschaften ein
interessantes und herausforderndes Forschungsprojekt dar. Gerade im Hinblick auf einen ganz
bestimmten Temperaturbereich zeigen diese Bauelemente ein ungewöhnliches Verhalten bzgl.
der zeitlichen Feld- und Intensitätskorrelation, g(1)(τ) und g(2)(τ). Während g(1)(τ) hochgradig
inkohärent mit einer spektralen Breite von einigen THz ist, lässt sich eine Reduktion von g(2)(0)
von 2 nach 1.33 bei einer Temperatur von T = 190 K im Labor beobachten. Dieses Experiment
wurde in der AG Halbleiteroptik von Prof. W. Elsäßer an der Technischen Universität Darmstadt
durchgeführt. Das Auffinden einer physikalischen Erklärung für die Beobachtung dieses hybrid-
kohärenten Lichtes, welches gleichzeitig inkohärent in g(1)(τ) und kohärent in g(2)(τ) ist, stellt
das Ziel dieser Dissertation dar.
Im ersten Schritt postulieren wir zunächst einen Quantenzustand des emittierten Lichts einer
QDSLD und vergleichen die theoretischen mit den experimentellen Ergebnissen. Es zeigt sich,
dass der multimodige, phasenverschmierte, gaußsche Zustand die experimentellen Daten sehr
gut wiederspiegelt. Im zweiten Schritt stellen wir eine mikroskopische Theorie der verstärkt-
spontanen Emission vor um eine Erklärung für die temperaturabhängige Rauschunterdrückung
von breitbandigen QDSLDs zu finden. Diese berücksichtigt unterscheidbare Quantenpunkte, die
sich in einem stark absorbierenden Bulk-Material, dem Wellenleiter, befinden. Geneigte und
antireflexbeschichtete Austrittsfacetten sorgen für eine Unterdrückung longitudinaler Moden. Sie
werden durch Strahlteiler modelliert, welche das interne Feld an die äußere Umgebung koppeln.
Aufgrund der spektralen Eigenschaften von QDSLDs wird das breitbandige Licht innerhalb des
Wellenleiters durch ein multimodales, elektrisches Feld beschrieben. Diese multimodale Quan-
tentheorie liefert Ratengleichungen für die optischen Leistungsdichten sowie Niveaubesetzungen
des inhomogenen Ensembles der Quantenpunkte. Mit Hilfe des Input-Output Formalismus be-
stimmen wir das optische Spektrum, welches durch eine Faltung des internen Photonenspektrums
mit einer Lorentz’schen Antwort gegeben ist. Ein Vergleich dieses wichtigen Ergebnisses mit den
experimentellen Daten zeigt gute Übereinstimmung. Des Weiteren untersuchen wir den zentralen
Kohärenzgrad zweiter Ordnung, g(2)(0), mit Hilfe unserer Quantentheorie. Dabei wird eine
Reduktion innerhalb eines bestimmten Bereiches der Verstimmung beobachtet. Die gewonnenen
Ergebnisse lassen die Interpretation des Phänomens von hybrid-kohärenten Licht aus einer rein
quantenoptischen Perspektive zu.
v
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1
I N T RO D U C T I O N
The concept of ’coherence’ is inevitably associated with the concept of the laser (light amplifi-
cation by stimulated emission of radiation). The invention of the laser in 1960 by T. Maiman [2]
represents a milestone in modern physics and provides novel opportunities in the field of research
and development until this day. A complete description of its working principle can only be
ensured by a quantum theory, which allows to differentiate between a light bulb and a laser.
The theoretical foundations were laid by R. Glauber in his optical coherence theory [3–6] for
which he was awarded the Nobel Prize in 2005 [7]. Detailed laser theories were established
i.a. by the schools of M. Lax [8, 9], H. Haken [10–12] and W. Lamb [13, 14]. In the context of
Glauber’s theory of coherence, correlations play a central role. Especially, field and intensity
correlations are relevant, since they provide statements about the power spectral density and
the photon statistics of light sources. The first experiment that measured intensity correlations
was performed by R. Hanbury Brown and R. Q. Twiss in 1956 [15] with the goal to measure the
size of stars. The observed bunching effect of these thermal light sources could be explained by
classical considerations. However, based on Glauber’s theory there exists a further, pure quantum
optical phenomenon, today known as antibunching, which was theoretically predicted by H. J.
Carmichael and D. F. Walls [16] and experimentally confirmed by L. Mandel, H. J. Kimble and
M. Dagenais in atomic resonance fluorescence [17]. Until this day, antibunching was observed
in further single-photon emitters like quantum dots [18–20], single dye molecules trapped in a
solid [21] or single nitrogen-vacancy centers in diamonds [22]. Currently, the structural engineer-
ing of such single-photon sources operating as qubits, that form the basis of quantum information,
represents a big challenge [23].
While this field of research is addressed to such a single- or few-body problem for building a
quantum computer, further groups are primary concerned with light sources composed of many
degrees of freedom. Among other things, optical properties of semiconductor devices play an
important role due to their wide applicability in research and development but also in commercial
technologies. Especially, broadband superluminescent diodes with light emission characteristics
that are spatially directed and additionally possess a considerable spectral width are relevant
for industrial applications – for fiber-sensor technologies [24–27], medical diagnostics [28],
to only name a few. But also from the aspect of fundamental research, these semiconductor
devices are of major interest regarding their coherence properties in first- and second-order. Their
broad bandwidths are accompanied by femtosecond coherence times, that are too short for usual
detectors with a temporal resolution of some picoseconds. Thus, measuring intensity correlations
of such broadband light sources was long time not possible until F. Boitier developed a novel
detector, based on the two-photon absorption process [29, 30]. This pioneering progress in the
detection process offered new insights to the quantum nature of light-emitting broadband sources.
In this context a key experiment was performed in 2011 by M. Blazek and W. Elsäßer at the
Technical University of Darmstadt [1]. Their investigation of field and intensity correlations of
the amplified spontaneous emission of quantum dot superluminescent diodes highlighted a new
class of light states. These novel states of light exhibit an optical spectrum with a spectral width
of about several THz. This means that the radiation is incoherent in first-order of correlation.
1
2 I N T RO D U C T I O N
Simultaneously, a reduction of the equal-time, second-order degree of coherence from 2 to 1.33
within a special temperature regime of about T = 190 K was observed, which in return implies
that the amplified spontaneous emission became coherent in second-order. The formulation of
a theory of the so-called hybrid coherent light, which is incoherent in first- and coherent in
second-order of correlation function represents an interesting and simultaneously challenging
topic of research. The following thesis is dedicated to this phenomenon and is structured as
follows:
In chapter 2 we study some basics of quantum electrodynamics, which are relevant to clar-
ify the concept of correlations. Starting with the quantization procedure in isotropic media, we
end up in an expression for the quantized electric field inside the diode system. With regard to
hybrid coherent light, coherent and thermal states are studied in more detail. Subsequently, we
summarize fundamental aspects of Glauber’s coherence theory, in particular the definition of
correlations of first- and second-order which allows a classification of light in terms of their
coherence properties.
Chapter 3 is addressed to the working principle and the main characteristics of a quantum dot
superluminescent diode. Special attention is paid to the gain medium formed by quantum dots as
well as the geometry of the waveguide. Furthermore, the main facts of the central hybrid coherent
light experiment is shortly summarized. Accordingly, chapter 2 and chapter 3 lay the necessary
foundations to characterize the amplified spontaneous emission of the broadband semiconductor
device.
For modeling light emission of the diode under investigation, we postulate a quantum state
described in chapter 4. It turns out that the multimode phase-randomized Gaussian state is an
excellent choice. In this connection, we determine first- and second-order correlations. The
theoretical results are compared with two experiments conducted by S. Blumenstein from the
Semiconductor Optics group at the Technical University of Darmstadt. Both, a feedback and a
mixed light experiment, in which the emitted radiation of the quantum dot superluminescent diode
is superimposed with the emission of a single-mode laser, fits the experimental data remarkably
well.
In chapter 5 we propose a microscopic theory of the amplified spontaneous emission of the
diode system. This model considers inhomogeneously broadened quantum dots forming the gain
medium. In addition, the special geometry of the waveguide is taken into account. Based on
stochastic equations of the system operators we find rate equations which allow a detailed study
of the intrawaveguide system. In this context, we concentrate on the special cases of a transversal
single-mode as well as a multimode quantum dot superluminescent diode composed of identical
quantum dots.
By the help of the input-output formalism, we calculate the output spectrum measured by a
single photon-detector and compare it with the experimental data in chapter 6.
Due to the unusual light behavior of broadband quantum dot superluminescent diodes we
investigate their photon statistics in chapter 7. Starting from our microscopic, multimode theory
we examine the equal-time, also called central, second-order correlation. The special case of a
single-mode diode highlights a reduction of this measure as a function of detuning, which again
permits an explanation of the occurrence of hybrid coherent light from a theoretical perspective.
A summary of the results as well as an outlook is provided in chapter 8.
2
Q UA N T U M E L E C T RO DY NA M I C S
Hybrid coherent light reveals unusual behavior when studying its temporal correlation func-
tions. In a particular temperature regime, a reduction of the temporal central second-order degree
of coherence from 2 to 1.33 was observed in the lab whereas the optical power spectrum remains
broadband with a spectral width of some THz [1]. How can we interpret these measurement
data? And how do first- and second-order correlations provide information about the coherence
or incoherence of light sources in general? Is it possible to fully characterize radiation fields
by considering their spectral and statistical characteristics? This chapter is devoted to these
questions.
Motivated by the experimental results of hybrid coherent light emitted by a quantum dot
superluminescent diode, we choose a pure quantum mechanical description of the emitted light
and consider correlations in the quantum world. In doing so, we first quantize the electromagnetic
field in the presence of an isotropic, inhomogeneous, dielectric medium for investigating the
radiation field inside the diode system composed of semiconductor materials of high refractive
index. After that, two classes of quantum states, coherent and thermal states, are characterized
to classify hybrid coherent light as a coherent and simultaneously incoherent radiation source
with regard to their first- and second-order correlation function. The chapter closes with a short
overview of classical and non-classical light sources and clarifies the concept of photon bunching
and antibunching.
2.1 Q UA N T I Z AT I O N I N A N I N H O M O G E N E O U S D I E L E C T R I C
Quantum effects can be strongly modified by the presence of macroscopic dielectric bodies.
E.g. optical instruments in which the electromagnetic field under study propagates or the sur-
rounding semiconductor material of quantum dot superluminescent diodes, in which the gain
media (quantum dots) are embedded, influence the emission and photon statistical properties. In
such cases it is necessary to consider the quantization of the electromagnetic field in presence
of a polarizable medium. In the following we study a non-relativistic quantum description of
the electromagnetic field in a linear, isotropic, nonmagnetic, nondispersive, nonabsorptive and
inhomogeneous dielectric medium with frequency-independent polarizability and position depen-
dent dielectric constant. This section about the quantization in the presence of dielectric matter is
based on the theory of R. Glauber and M. Lewenstein [31–33], which is a generalization of the
familiar canonical field quantization concepts.
3
4 Q UA N T U M E L E C T RO DY NA M I C S
M AC RO S C O P I C M A X W E L L E Q UAT I O N S The starting point are the classical, source-free
(i.e. no free charges ρ = 0 and displacement currents j = 0) macroscopic Maxwell equations in
vector calculus formulation1 that read in SI units [35, 36]
∇ ·D(r, t) = 0 (Gauss’s law of electricity), (2.1a)
∇ ·B(r, t) = 0 (Gauss’s law of magnetism), (2.1b)
∇×E(r, t) = −∂tB(r, t) (Faraday’s law), (2.1c)
∇×H(r, t) = ∂tD(r, t) (Ampére’s law). (2.1d)
Here, E and H are the electric and magnetic field and D and B are the electric displacement and
the magnetic induction field.
Generally, the dielectric medium is described by the phenomenological quantity ε known
as dielectric function. For an isotropic, linear, nonabsorptive 2 and nondispersive dielectric, ε
becomes a real, frequency independent scalar and the dielectric displacement is related to the
electric field according to [32]
D(r, t) = ε(r)E(r, t). (2.2)
Assuming a nonmagnetic medium, the magnetic induction field B,
B(r, t) = µ0H(r, t), (2.3)
is proportional to the magnetic field H with vacuum permeability µ0.
The quantization procedure of the canonical field theory includes (1) the definition of a scalar
and a vector potential as well as the choice of an appropriate gauge, (2) the formulation of
a Lagrangian density for the dynamical variables and finally (3) the quantization process by
replacing the canonical variables by operators.
V E C T O R P OT E N T I A L A N D C H O I C E O F G AU G E We define a vector potential, which is
related to the electric field and the magnetic induction field by
B(r, t) = ∇×A(r, t), (2.4)
E(r, t) = −∂tA(r, t). (2.5)
In general, one expects an additional contribution in (2.5) arising from a scalar potential Φ.
However, due to the assumption of absent charges, we set this scalar potential equal to zero and
choose the generalized Coulomb gauge3,
∇ · (ε(r)A(r, t)) = 0, (2.6)
which is obviously in agreement with the Gauss law (2.1a) or rather the generalized transversality
condition, ∇ · (ε(r)∂tA(r, t)) = 0. We can rewrite the Maxwell equation (2.1d) in terms of the
vector potential A under consideration of the definition (2.4). As a main result, we find an
equation of motion for the vector potential,
∇× (∇×A(r, t))+ ε(r)
ε0c20
∂ 2t A(r, t) = 0, (2.7)
that depends on the vacuum permittivity ε0 and the speed of light in vacuum
c0 = (µ0ε0)−1/2. (2.8)
1 The vector calculus formulation of the original Maxwell equations was introduced by O. Heaviside [34].
2 Clearly, for modeling a quantum dot superluminescent diode, the assumption of a nonabsorptive medium sounds
doubtful. However, the absorption effect of the semiconductor is included in our quantum theory by coupling the gain
medium to a large reservoir, leading to damping effects in the diode system.
3 Equation (2.6) is a generalization of the well-known Coulomb gauge ∇ ·A = 0 in free space.
2.1 Q UA N T I Z AT I O N I N A N I N H O M O G E N E O U S D I E L E C T R I C 5
L AG R A N G I A N F O R M A L I S M Clearly, equation (2.7) can also be derived by the help of the
Lagrangian formalism. The Lagrangian for the electromagnetic field propagating in an inho-
mogeneous dielectric in terms of the dynamical variables 4 (A,∂tA) and the position dependent
permittivity ε(r) is specified by [31]
L =
1
2
∫
d3r
[
ε(r)E2(r, t)− B
2(r, t)
µ0
]
=
1
2
∫
d3r
[
ε(r)(∂tA(r, t))2− (∇×A(r, t))
2
µ0
]
. (2.9)
The vector potential A represents the canonical field variable and its corresponding canoni-
cally conjugate, the canonical momentum Π, is defined by the functional derivative of the
Lagrangian (2.9) according to
Π(r, t) =
δL
δ (∂tA)
= ε(r)∂tA(r, t) = −ε(r)E(r, t) = −D(r, t). (2.10)
Because the canonical momentum is the negative electric displacement, the divergence ofΠ is
zero as a consequence of the Gauss’s law of electricity (2.1a), i.e.
∇ ·Π = −∇ ·D = 0, (2.11)
and therefore purely transversal.
The Hamilton function of the classical electromagnetic field in the presence of an inhomoge-
neous dielectric reads
H [A,Π] =
∫
d3rΠ(r, t)∂tA(r, t)−L = 12
∫
d3r
[
Π2(r, t)
ε(r)
+
(∇×A(r, t))2
µ0
]
(2.12)
=
1
2
∫
d3r
[
ε(r)E2(r, t)+
1
µ0
B2(r, t)
]
(2.13)
and the Hamilton field equations or rather the canonical equations are defined by the derivative
of the Hamilton function in terms of the canonical variables, that is
∂tA(r, t) =
δH
δΠ
=
Π(r, t)
ε(r)
, (2.14)
∂tΠ(r, t) = −δHδA = −
∇× (∇×A(r, t))
µ0
. (2.15)
Taking the time derivative of (2.14), the solution can be directly inserted into the Hamilton
equation (2.15) which again yields to the predicted equation of motion (2.7).
2.1.1 Homogeneous dielectric medium
This more general consideration of an inhomogeneous medium, in which the dielectric function
depends on position r simplifies in case of a bulk material with dielectric function
ε(r) = ε . (2.16)
A quantum dot superluminescent diode in absence of a gain material corresponds to such a
bulk medium. Therefore, we restrict the quantization process of the electromagnetic field to the
4 In classical physics, a system is described by a set of dynamical variables. Knowing their equations of motion as well
as their initial values, the system’s evolution is uniquely defined.
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more simple problem of a homogeneous dielectric. In this case equation (2.7) reduces to the
well-known wave equation[
∆− 1
c2
∂ 2t
]
A(r, t) = 0, c =
c0
n
, n =
√
ε
ε0
, (2.17)
with refractive index n and speed of light c in a bulk medium 5. Equation (2.17) looks quite
similar to a wave equation of the field A propagating in vacuum [32]. The only difference between
them is a refractive index n 6= 1 in the speed of light c in the bulk material.
M O D E E X PA N S I O N In order to solve the wave equation (2.17) we make the separation
ansatz for the vector potential,
A(r, t) =
1√
ε∑j
q j(t)f j(r) =
1√
ε∑j
q∗j(t)f
∗
j(r) = A
∗(r, t), (2.18)
where ε−1/2 has been chosen as an appropriate normalization factor. Here, A ∈R3 is given by a
discrete set of monochromatic mode functions f j(r) ∈ C3 and dynamical coordinates q j(t) ∈ C
which are allowed to be complex by convenience [32]. The index j numerates the different
modes of the multimode field A. In case of a field propagating freely in an infinitely large,
linear, isotropic, homogeneous medium, j labels the set of indices (k,λ ) with wave vector k
and polarization λ of a plane wave [31]. The mode functions f j(r) depend on the boundary
conditions of the corresponding physical volume and are chosen in such a way that they satisfy
the orthonormality relation ∫
d3r fi(r) · f∗j(r) = δi j (2.19)
and form a complete set in the space of the transverse vector functions with completeness
condition [32],
∑
j
f j(r)⊗ f∗j(r′) = δ⊥(r− r′). (2.20)
δ⊥(r) is the transverse tensor-valued delta function in three dimensions with components [31,37]
δ⊥αβ (r− r′) =
1
(2pi)3
∫
d3k
(
δαβ −
kαkβ
k2
)
eik(r−r
′). (2.21)
This transverse delta function δ⊥αβ acts as a projection operator, which projects out the transverse
part of the total vector field. This becomes quite obvious when considering the Helmholtz
decomposition theorem of an arbitrary vector field, V(r) = V‖(r)+V⊥(r), with longitudinal
and transverse part, V‖ and V⊥, obeying [37, 38]
∑
β
∫
d3r′ δ⊥αβ (r− r′)V⊥β (r′) = V⊥α (r), ∑
β
∫
d3r′ δ⊥αβ (r− r′)V ‖β (r′) = 0. (2.22)
According to the Coulomb gauge (2.6) for a bulk material, the mode functions satisfy the
transversality condition [39]
∇ · f j(r) = 0. (2.23)
5 Please note, that the refractive index n is real as a consequence of a nondispersive and nonabsorptive medium.
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Considering the completeness condition (2.20), the complex conjugate mode function f∗i (r) is
related with the mode function itself by
f∗i (r) =
∫
d3r′ δ⊥(r− r′) · f∗i (r′) =∑
j
U∗i jf j(r), (2.24)
with expansion coefficients given by the integral of the scalar product of mode function fi and f j,
Ui j =
∫
d3r fi(r) · f j(r). (2.25)
Obviously, the matrix U is symmetric [31],
Ui j =U ji. (2.26)
Furthermore, U is a unitary matrix, which can be shown by utilizing the orthonormality con-
dition (2.19) as well as the relation between the mode function and its corresponding complex
conjugate (2.24). There holds
∑
k
UikU
∗
jk =∑
k,l
UikU
∗
jl
∫
d3r f∗k(r) · fl(r) =
∫
d3r∑
k,l
Uikf
∗
k(r) ·U∗jlfl(r)
=
∫
d3r fi(r) · f∗j(r) = δi j.
(2.27)
Inserting the separation ansatz (2.18) into the dielectric wave equation (2.17) results in a
Helmholtz equation for each mode function f j(r) as well as a harmonic oscillator equation for
the time-dependent canonical variable q j(t) with separation constant ω j,
∆f j(r)+
ω2j
c2
f j(r) = 0, (2.28)
q¨ j(t)+ω2j q j(t) = 0. (2.29)
The corresponding canonical momenta pi, induced by the Lagrangian (2.9) in terms of the
canonical coefficients qi are directly specified by utilizing the relation (2.10) and by inserting the
ansatz of the vector potential (2.18) into the Lagrangian. One finds
L =
1
2
∫
d3r
(∑
j
q˙ j(t)f j(r)
)2
− 1
εµ0
(
∑
j
q j(t)(∇× f j(r))
)2 . (2.30)
Partial derivative of this Lagrangian with respect to q˙i specifies the canonical momentum
pi =
∂L
∂ q˙i
=∑
j
Ui jq˙ j. (2.31)
Clearly, equation (2.31) together with the characteristics (2.26)-(2.27) of the matrix U allow
to determine the temporal derivative q˙i as a function of pi,
q˙i =∑
j
U∗i j pi, (2.32)
and therefore the field variableΠ (see equation (2.10)) in terms of pi
Π(r, t) = εA˙ =
√
ε∑
j
q˙ j(t)f j(r) =
√
ε∑
j
p j(t)f∗j(r). (2.33)
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Q UA N T I Z AT I O N P RO C E S S A quantization in Coulomb gauge is based on a set of canonical
variables which exhibit operator character after quantization,
q j(t) → qˆ j(t), p j(t) → pˆ j(t), (2.34)
and whose commutators are given by
[qˆi, pˆ j ] = ih¯δi j, [qˆi, qˆ j ] = [ pˆi, pˆ j ] = 0. (2.35)
Furthermore, we can calculate the hermitian conjugated variables qˆ†j and pˆ
†
j by taking into
account that the canonical field operators are hermitian, i.e. Aˆ = Aˆ† and Πˆ = Πˆ†. Utilizing the
orthonormality relation (2.19) we end up with the expressions
qˆ†i =∑
j
Ui jqˆ j, pˆ
†
i =∑
j
U∗i j pˆ j, (2.36)
which allow to evaluate the commutators
[qˆi , qˆ
†
j ] = [ pˆi , pˆ
†
j ] = 0, [qˆi , pˆ
†
j ] = ih¯U
∗
i j. (2.37)
H A M I LT O N I A N A N D G E N E R A L FI E L D E X P R E S S I O N S With Hamilton function (2.12)
in terms of the vector potential and canonical momentum, we can specify the Hamilton operator
of the total electromagnetic field in terms of the canonical operators qˆ j and pˆ j by using equations
(2.18) and (2.33), respectively. The resulting Hamilton operator of the electromagnetic field,
which propagates freely in a bulk medium with speed of light c reads
Hˆ =
1
2∑j
(
pˆ j pˆ
†
j +ω
2
j qˆ j qˆ
†
j
)
. (2.38)
This result is in close analogy to the Hamiltonian of a set of uncoupled harmonic oscillators with
frequency ω j and unit mass. Next, we express the operators qˆ j and pˆ j as linear combinations of
annihilation and creation operators aˆ j and aˆ
†
j by applying the linear, canonical transformation
qˆ j =
√
h¯
2ω j
(
aˆ j + aˆ
†
− j
)
, pˆ j = i
√
h¯ω j
2
(
aˆ†j − aˆ− j
)
with aˆ− j ≡∑
i
Ui jaˆi. (2.39)
Inserting (2.39) into (2.37) allows to specify the bosonic commutation relations of aˆ j and aˆ
†
j ,[
aˆi , aˆ
†
j
]
= δi j,
[
aˆi , aˆ j
]
=
[
aˆ†i , aˆ
†
j
]
= 0. (2.40)
Generally, an annihilation (creation) operator acting on a number state |...,n j, ...〉 annihilates
(creates) a photon in mode j and therefore decreases (increases) the number of quanta by one
according to
aˆ j |...,n j, ...〉=√n j |...,n j−1, ...〉 , aˆ†j |...,n j, ...〉=
√
n j + 1 |...,n j + 1, ...〉 . (2.41)
Inserting (2.39) into (2.38) and utilizing the commutation relations (2.40) yields the Hamilton
operator (2.38) in terms of the annihilation and creation operators
Hˆ =∑
j
h¯ω j
(
aˆ†j aˆ j + aˆ j aˆ
†
j
)
=∑
j
h¯ω j
(
nˆ j +
1
2
)
. (2.42)
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Here,
nˆ j = aˆ
†
j aˆ j (2.43)
denotes the photon number operator of the jth mode. The last term in equation (2.42) corresponds
to an infinite sum of zero point energies of the harmonic oscillators. However, this vacuum energy
distribution can be omitted by an appropriate renormalization so that the Hamiltonian reduces to
Hˆ =∑
j
h¯ω jaˆ†j aˆ j. (2.44)
Inserting (2.39) into the general ansatz of the vector potential (2.18) as well as into the electric
and magnetic field (cf. equation (2.4) and (2.5)) directly leads to the general field expressions
Aˆ(r, t) =∑
j
√
h¯
2ω jε
f j(r)aˆ j(t)+ h.c., (2.45)
Eˆ(r, t) = i∑
j
√
h¯ω j
2ε
f j(r)aˆ j(t)+ h.c., (2.46)
Bˆ(r, t) =∑
j
√
h¯
2ω jε
(∇× f j(r))aˆ j(t)+ h.c.. (2.47)
They depend on the mode function f j(r) and the time-dependent quantized field amplitudes aˆ j(t).
The precise expression of f j(r) is specified by particular boundary conditions determined by the
volume geometry in which the field propagates. For example, reflecting walls have boundary
conditions which lead to standing waves. This assumption is applicable for the description of
laser systems. Optical devices which are designed in such a way that back reflections at the output
facets are suppressed obey to periodic boundary conditions. The last case is of great significance
in the study of light-emitting quantum dot superluminescent diodes.
P E R I O D I C B O U N DA RY C O N D I T I O N S Here, the electromagnetic field is assumed to prop-
agate in a finite rectangular box of volume V = LxLyLz with lengths Li (i = x,y,z) in all three
spatial directions. Periodic boundary conditions require that
f j(r) = f j(r+L) with L = (nxLx,nyLy,nzLz)T , ni ∈Z. (2.48)
The solution of the Helmholtz equation (2.28) under consideration of the boundary condition
(2.48) are traveling waves
f j(r) =
1√
V
ek,λ eikr, j 7→ (k,λ ), (2.49)
with the polarization vector ek,λ . The wave vector,
k = 2pi
(
nx
Lx
,
ny
Ly
,
nz
Lz
)T
, (2.50)
satisfies the linear dispersion relation
ωk = c|k| (2.51)
with the speed of light c within the bulk material. Please note, that ek,λ and k are perpendicular
to each other due to the transversality condition (2.23) according to k ·ek,λ = 0. Therefore,
there exist two independent, generally complex, polarization vectors ek,λ (λ = 1,2), which
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again are perpendicular to each other, that is ek,λ ·ek,λ ′ = δλλ ′ . Thus, the set of unit vectors
{k/|k|,ek,1,ek,2} forms a trihedron. In this context, inserting equation (2.49) into (2.46), the
electric field in a bulk medium of permittivity ε can be written as
Eˆ(r, t) = Eˆ(+)(r, t)+ Eˆ(−)(r, t) (2.52)
with positive frequency part
Eˆ(+)(r, t) =
[
Eˆ(−)(r, t)
]†
=∑
j
vk(r)aˆk,λ (t)ek,λ (2.53)
and mode function
vk(r) = Ekeikr, Ek = i
√
h¯ωk
2εV
. (2.54)
Analogical considerations yield a similar expression for the magnetic flux
Bˆ(r, t) = Bˆ(+)(r, t)+ Bˆ(−)(r, t), Bˆ(+)(r, t) =∑
j
wk(r)aˆk,λ (t)(k× ek,λ ) (2.55)
with mode function
wk(r) =Bkeikr, Bk = i
√
h¯
2εωkV
. (2.56)
2.1.2 Poynting vector and intensity
In analogy to classical electrodynamics, the quantum Poynting vector describes the energy
flux density with dimension (energy/area×time) and is defined by [40]
Sˆ = Eˆ× Hˆ = 1
µ0
Eˆ× Bˆ. (2.57)
Neglecting the fast oscillating terms in (2.57), the (normal-ordered) Poynting vector operator
reduces to
Sˆ≈ 1
µ0
(
Eˆ(−)× Bˆ(+)− Bˆ(−)× Eˆ(+)
)
. (2.58)
For an electromagnetic field describable by traveling waves (2.52) and (2.55) with corresponding
mode functions (2.54) and (2.56) and wave vectors pointing in common direction, k = |k|n, the
poynting vector magnitude (or intensity operator) parallel to the propagation direction n of the
electromagnetic field is
Sˆ(r, t) = C nEˆ(−)(r, t) · Eˆ(+)(r, t), C = 2ε0c0. (2.59)
Its ensemble average defines the optical intensity6
I(r, t) = 〈Sˆ(r, t)〉= C n〈Eˆ(−)(r, t) · Eˆ(+)(r, t)〉. (2.60)
The bracket symbolizes the quantum mechanical expectation value, 〈...〉= Tr{...ρˆ}, which is an
ensemble average with density operator ρˆ .
6 There exist other well-established definitions of an intensity which neglect the factor of 2nε0c0 [37].
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L I N E A R P O L A R I Z E D L I G H T In case of an electromagnetic field with a single linear polar-
ization parallel to the unit vector e7,
Eˆ(r, t) = Eˆ(r, t)e, (2.61)
the intensity is determined by the equal space-time, ensemble average
I(r, t) = C n〈Eˆ(−)(r, t)Eˆ(+)(r, t)〉 (2.62)
with the scalar field Eˆ(r, t). Please note (2.62) corresponds to the intensity inside the bulk medium
with refractive index n. Clearly, an intensity of a radiation field under study is measured outside
the light source and the refractive index in equation (2.62) is set equal to one.
Up to now, we quantized the electromagnetic field in the presence of a bulk medium. This
description is more general compared to the quantization process in vacuum and in particular
relevant for an accurate description of the electric field propagating inside the considered semi-
conductor device of a superluminescent diode, which represents the central object of this thesis.
In the following we study some important quantum states of the electromagnetic field which are
relevant in the context of the hybrid coherent light phenomenon.
2.2 Q UA N T U M S TAT E S O F L I G H T
Generally, there exist numerous classes of important quantum states, which form a quantum
mechanical basis for relevant observables like correlation functions [32]. Especially in the context
of hybrid coherent light, so-called coherent and thermal states play a fundamental role as we will
see later in this thesis. In the following, we briefly summarize the main characteristics of both light
states. For more information we refer the reader to standard quantum optics textbooks [32,41–43].
2.2.1 Coherent states
Coherent states were invented by E. Schrödinger [44] in 1926 as the most "classical" quantum
states [41] with a minimum allowed uncertainty in amplitude and phase. Their physical meaning
becomes apparent in the context of laser physics: the radiation field emitted by a stabilized laser
operating well above its threshold is in a coherent state.
There exist a number of possible options to introduce coherent states. Here, we follow the
definition by R. Glauber [4] in 1963, in which a coherent state |α〉 is described by an unitary
displacement operator Dˆ(α) [45] acting on the vacuum state |0〉,
|α〉= Dˆ(α) |0〉 , with Dˆ(α) = eα aˆ†−α∗aˆ. (2.63)
Simultaneously, from equation (2.63) it follows that |α〉 is an eigenstate of the annihilation
operator aˆ with complex eigenvalue α = |α|eiφ ,
aˆ |α〉= α |α〉 . (2.64)
Applying the Baker-Campbell Hausdorff formula [46] to the definition (2.63) allows to determine
the coherent state in Fock representation {|n〉},
|α〉=
∞
∑
n=0
αn√
n!
e−
|α|2
2 |n〉 . (2.65)
7 Practically, a radiation of type (2.61) can be realized by implementing a polarization filter into the detection setup.
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The probability to measure n photons in state α ,
Pn(α) = |〈n|α〉|2 = |α|
2n
n!
e−|α|
2
, (2.66)
corresponds to a Poissonian distribution with mean photon number n¯ = |α|2 as depicted in
figure 2.1 for |α = 2〉 (blue), |α = 4〉 (red) and |α = 6〉 (green).
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Figure 2.1: Poissonian distribution of a coherent state |α〉 describing the probability to measure
n photons in state |α = 2〉 (blue), |α = 4〉 (red) and |α = 6〉 (green).
Coherent states are not orthogonal. They form an overcomplete set and satisfy the completeness
relation
1
pi
∫
d2α |α〉〈α|= 1ˆ. (2.67)
An illustration of quantum states provides the one-dimensional Wigner function invented by
E. Wigner [47] in 1932. It refers to a phase-space distribution of an arbitrary quantum state with
density operator ρˆ [47,48] and is defined by the ordinary two-dimensional integral (d2ξ = dξrdξi
with ξ = ξr + iξi)
W (α) = 〈δ (s=0)(aˆ†−α∗, aˆ−α)〉 with δ (s)(aˆ†, aˆ) =
∫ ∞
−∞
d2ξ
pi2
eξ aˆ
†−ξ ∗aˆ+ s2 |ξ |2 . (2.68)
In case of a coherent state with density operator ρˆ = |β 〉〈β | the Wigner function,
W (α) =
2
pi
e−2|α−β |
2
, (2.69)
is a Gaussian. Figure 2.2 and 2.3 show a contour plot of the Wigner function for a vacuum state
|β = 0〉 and a pure coherent state |β = 3+ 3i〉. Obviously, a coherent state corresponds to a
displaced vacuum state in phase space.
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Figure 2.2: Wigner function of a vacuum
state |β = 0〉 in phase space.
-4 -2 0 2 4
-4
-2
0
2
4
Re(α)
Im
(α
)
Figure 2.3: Wigner function of a coher-
ent state |β = 3+ 3i〉 in phase
space.
2.2.2 Thermal states
We consider an arbitrary system with Hamilton operator Hˆ which is in thermal equilibrium
with a large reservoir at temperature T . The density operator of such a thermal state is described
by the Boltzmann distribution [32, 49],
ρˆt =
e−β Hˆ
Z
, Z = Tr{exp(−β Hˆ)}, β = 1
kBT
. (2.70)
Here, Z represents the canonical partition function and β is inverse proportional to the Boltz-
mann constant kB = 1.38×10−23 J/K. In case of a multimode quantized field with angular
frequency ωi, the Hamiltonian,
Hˆ = h¯∑
i
ωiaˆ†i aˆi , (2.71)
is given by the sum of many harmonic oscillators of frequencies ωi. Inserting equation (2.71)
into the thermal density operator (2.70), we find that [49]
ρˆt =
1
Z
e−β h¯∑iωiaˆ
†
i aˆi =
1
Z
e−β h¯∑iωinˆi =∏
i
(1− e−β h¯ωi)e−β h¯ωinˆi =∏
i
ρˆi (2.72)
factorizes into a product of independent density operators for each mode of the multimode field
with photon number operator nˆi (cf. equation (2.43)). In the Fock representation with states {|ni〉},
which obey the completeness relation
∑
ni
|ni〉〈ni|= 1ˆ, (2.73)
the density operator (2.72) is given by [49]
ρˆt =∏
i
∑
ni
P(ni) |ni〉〈ni| (2.74)
with
P(ni) = (1− e−β h¯ωi)e−β h¯ωini = 1
(1+ nT (ωi))(1+ 1/nT (ωi))ni
. (2.75)
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In the last step we introduced the first moment of nˆi or rather the mean thermal occupation
number of mode i,
nT (ωi) = 〈nˆi〉=
(
eβ h¯ωi−1
)−1
, (2.76)
which again is the well-known Planck thermal excitation function 8. Obviously, thermal states are
mixed states with probability P(ni) for finding ni photons in mode i of the thermal state. Figure
2.4 illustrates P(ni) with mean thermal occupation numbers nT (ωi) = 0.1 (red), nT (ωi) = 1
(blue) and nT (ωi) = 10 (green).
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Figure 2.4: Probability P(ni) for finding ni photons in mode i with mean thermal occupation
numbers nT (ωi) = 0.1 (red), nT (ωi) = 1 (blue) and nT (ωi) = 10 (green).
The joint probability P({n}) of a set of photon occupation numbers {n} is a product of
Bose-Einstein distributions [49],
P({n}) =∏
i
P(ni) =∏
i
1
(1+ nT (ωi))(1+ 1/nT (ωi))ni
, (2.77)
and the density operator (2.74) in terms of this joint probability reads
ρˆt =∑
{n}
P({n}) |{n}〉〈{n}| . (2.78)
The Wigner function of a single mode harmonic oscillator of frequency ω reads [50]
W (α) =
2
pi
tanh(η)e−2tanh(η)|α|
2
with η =
h¯ω
2kBT
. (2.79)
Figure 2.5 shows the corresponding phase space representation of a harmonic oscillator in
thermodynamic equilibrium described by the Wigner function (2.79) for η = 1 (left) as well as
η = 0.1 (right). It corresponds to a broadened vacuum state.
8 Please note, nT (ωi) is only a function of frequency ωi and temperature T . This measure becomes negligibly small for
near-infrared photons at room temperature with nT (ωi) ∼ 10−17.
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Figure 2.5: Contour plot of the Wigner function (2.79) for a single mode harmonic oscillator in
thermodynamical equilibrium with η = 1 (left) and η = 0.1 (right).
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Quantum correlations provide information about the characteristics of light under study. The
theoretical background was formulated by R. Glauber in 1963 [3–7], laying the foundation of
modern quantum optics. Especially, temporal correlations in terms of first- and second-order
are significant within this thesis, which yield information about optical power spectra and
photon statistics. Therefore, we focus on Glauber’s coherence theory and study in more detail
first- and second-order correlation functions, which are crucial for a theoretical description
of hybrid coherent light. With regard to the measured intensity correlation of a quantum dot
superluminescent diode as a function of temperature, which offers characteristics of both, a light
bulb and a laser (cf. reference [1] or chapter 3), we discuss relevant correlation functions of
coherent and thermal light states.
Clearly, an ideal broadband photon counting detector [51] relies on absorption processes of sin-
gle photons and is therefore sensitive to the positive frequency part of the electric field Eˆ(+)(r, t)
which executes a transition from the initial state |i〉 to the final state | f 〉 with transition probabil-
ity [41, 52, 53]
Ti f = | 〈 f | Eˆ(+)(x) |i〉 |2, x = (r, t). (2.80)
Here, an ideal photon detector is assumed to have negligibly small size with transition proba-
bility independent of frequency. Summing over all final states, which satisfy the completeness
relation ∑ f | f 〉〈 f |= 1ˆ, defines the total counting rate,
Ri =∑
f
Ti f = 〈i| Eˆ(−)(x) · Eˆ(+)(x) |i〉 , (2.81)
of an electric field in a pure state |i〉. More generally, in case of a mixed state with density
operator ρˆ = ∑i Pi |i〉〈i|, the total counting rate or rather the probability of photodetection w(x)
is given by
w(x) =∑
i
PiRi = Tr{Eˆ(−)(x) · Eˆ(+)(x)ρˆ}= 〈Eˆ(−)(x) · Eˆ(+)(x)〉. (2.82)
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This result can be extended to a more general expression in which the electric field is evaluated
at different space time events in the sense
G(1)(x;x′) = 〈Eˆ(−)(x) · Eˆ(+)(x′)〉. (2.83)
It defines the so-called first-order correlation function that is relevant and sufficient to inter-
pret classical interference setups. In order to characterize the nature of light sources [42], the
difference between classical and quantum fields [40] or experiments which measure intensity
correlations [15], higher-order correlations have to be taken into account.
AU T O C O R R E L AT I O N F U N C T I O N S We consider autocorrelation functions which describe
correlations between the same electric field Eˆ. Correlations between different electrical fields are
not relevant within this thesis due to common experimental setups to measure optical spectra
or photon statistics which again are related to first- and second-order autocorrelations. For this
reason, we always mean autocorrelation functions when talking about correlation functions.
Generally, the nth-order autocorrelation function (tensor) with space-time event x = (r, t) is
defined by the tensor product [4, 6]
G(n)(x1, ...,xn;xn+1, ...,x2n) = 〈Eˆ(−)(x1)⊗ ...⊗ Eˆ(−)(xn)⊗ Eˆ(+)(xn+1)⊗ ...⊗ Eˆ(+)(x2n)〉.
(2.84)
It is a normally ordered function, which means that all creation operators lie on the left-hand side
of all annihilation operators. The general normalized nth-order correlation function [40],
g(n)(x1, ...,xn;xn+1, ...,x2n) =
G(n)(x1, ...,xn;xn+1, ...,x2n)
∏2ni=1
√
Tr{G(1)(xi;xi)}
, (2.85)
is called the nth-order degree of coherence. It characterizes the measured response in experiments,
in which n photons are detected, simultaneously [40].
Both, first- and second-order correlation functions play essential roles in the study of hybrid
coherent light and will be analyzed in more detail in the following section. In this context we
get more specific and consider in the following traveling electric fields Eˆ(r, t) = Eˆ(r, t)e with a
single linear polarization e of type (2.61), which allows to describe correlation functions in terms
of scalar-valued ensemble averages
G(n)(x1, ...,xn;xn+1, ...,x2n) = 〈Eˆ(−)(x1)...Eˆ(−)(xn)Eˆ(+)(xn+1)...Eˆ(+)(x2n)〉. (2.86)
Clearly, the correlation function itself becomes a scalar, physical measure.
2.3.1 First-order autocorrelation and power spectrum
According to equation (2.84), the first-order correlation function is defined by the ensemble
average of the electric field at different space-time events x1 and x2 (cf. equation (2.83)) [54],
G(1)(x1;x2) = 〈Eˆ(−)(x1)Eˆ(+)(x2)〉. (2.87)
The first-order degree of coherence is specified by this first-order correlation normalized by the
square root of the electric field product at equal events (cf. equation (2.85)) with
g(1)(x1;x2) =
G(1)(x1;x2)√
G(1)(x1;x1)G(1)(x2;x2)
. (2.88)
2.3 S P E C T R A L A N D S TAT I S T I C A L P RO P E RT I E S O F L I G H T 17
With the help of the Cauchy-Schwarz inequality9 one can show that the absolute value of
g(1)(x1;x2) has an upper and lower bound,
0≤ |g(1)(x1;x2)| ≤ 1, (2.89)
and is fully matching classical considerations 10 [40]. According to equation (2.62), the first-order
correlation function for equal space-time events, G(1)(x;x), is proportional to the intensity
I(x) = C nG(1)(x;x). (2.90)
As an application, we consider a multimode electric field of type (2.61) with scalar positive
frequency component
Eˆ(+)(r, t) =∑
j
v j(r)aˆ j(t). (2.91)
Inserting (2.91) into the definition of the first-order correlation function ends up in an expression,
G(1)(r1, t1;r2, t2) =∑
i j
v∗i (r1)v j(r2)〈aˆ†i (t1)aˆ j(t2)〉, (2.92)
that is proportional to the two-time expectation value of creation and annihilation operator of
modes i and j. Thus, knowing this expectation value and the mode function, we can specify the
first-order correlation function.
Within this thesis, only temporal correlations of stationary fields, describing the correlations at
the same position but at different time events, t1 and t2, are relevant.
P OW E R S P E C T RU M Consider again an electric field of type (2.61), Eˆ(r, t) = Eˆ(r, t)e, de-
scribed by a plane wave propagating parallel to the z-direction, which is measured by a photo-
detector at position zd with cross-section area A perpendicular to z. Its Fourier transform as well
as its inverse Fourier transform is defined by
Eˆ(r,ω) =
1
2pi
∫ ∞
−∞
dt Eˆ(r, t)eiωt , Eˆ(r, t) =
∫ ∞
−∞
dω Eˆ(r,ω)e−iωt . (2.93)
The power spectral density is proportional to the square of the absolute value of the electric
field in frequency space,
S(ω) = C 〈Eˆ(−)(ω)Eˆ(+)(ω)〉 ∝ ns(ω), Eˆ(+)(ω) =
∫
dxdyEˆ(+)(r,ω), (2.94)
and therefore directly related to the stationary photon number ns(ω) of the light field. The
Fourier transform of the temporal first-order correlation function G(1)(r, t;r, t + τ) with time
delay τ = t2− t1 > 0 is related to the power spectral density of the stationary electric field Eˆ at
position r = (x,y,z) according to the Wiener-Khintchine theorem [55, 56],
S (r,ω) = lim
t→∞
C
2pi
Re
∞∫
−∞
dτ eiωτG(1)(r, t;r, t + τ) =
C
pi
Re
∞∫
0
dτ eiωτG(1)(r,τ). (2.95)
9 The Cauchy Schwarz inequality for a scalar product 〈x,y〉 with x,y ∈ C reads |〈x,y〉|2 ≤ 〈x,x〉〈y,y〉.
10 As the classical and the quantum first-order degree of coherence exhibit the same range of values, first-order
interference experiments are not suitable to measure quantum effects. Thus, higher-order correlations have to be taken
into account.
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In the last step, we utilized that the first-order temporal correlation function of the free stationary
field possesses time-symmetry
G(1)(r,τ) = lim
t→∞〈Eˆ
(−)(r, t)Eˆ(+)(r, t + τ)〉= G(1)(r,−τ)∗. (2.96)
Integration of equation (2.95) over the total detector area A provides the experimentally available
power spectral density (PSD) or power spectrum
S(ω) =
∫
A
dxdyS (r,ω) =
C
pi
Re
∫ ∞
0
dτ eiωτ G(1)(τ), (2.97)
with the spatially averaged temporal first-order correlation function
G(1)(τ) ≡ lim
t→∞
∫
A
dxdy G(1)(r, t;r, t + τ). (2.98)
Please note, G(1)(τ) is only a function of time delay τ , that is independent of position r and
time t, due to the assumption of a stationary electromagnetic field described by traveling waves.
Usually, an optical power spectrum is measured by an optical spectrum analyzer. In chapter 6,
we will see that the power spectrum of a quantum dot superluminescent diode is Gaussian shaped
with a central frequency in the near-infrared regime and a broad spectral width of several THz.
For stationary fields, the temporal first-order degree of coherence as a function of time de-
lay τ > 0 is determined by
g(1)(r,τ) = lim
t→∞
〈Eˆ(−)(r, t)Eˆ(+)(r, t + τ)〉
〈Eˆ(−)(r, t)Eˆ(+)(r, t)〉 = g
(1)(r,−τ)∗, (2.99)
In general, g(1)(r,τ) is complex. Its absolute value describes the correlation strength between the
same electric field measured at different times with time delay τ and is therefore a quantitative
measure of coherence. For g(1)(r,τ) = 1 the light field is said to be temporal coherent, whereas
g(1)(r,τ → ∞) = 0 it looses coherence at some point in time. The light field is called incoherent
[57]. As a consequence of the inequality (2.89), the temporal first-order degree of coherence is
bounded by
0≤ |g(1)(r,τ)| ≤ |g(1)(r,τ = 0)|= 1. (2.100)
C H A R AC T E R I Z I N G S H A P E S O F D I S T R I B U T I O N S A power spectral density is charac-
terized by some essential quantities: the central frequency, bandwidth and coherence time. In this
context, we define the probability normalized power spectral density
s(ω) =
S(ω)∫ ∞
−∞ dω S(ω)
. (2.101)
The resulting first and second moments,
ω¯ =
∫ ∞
−∞
dω ω s(ω), (2.102)
and
σ2 =
∫ ∞
−∞
dω (ω− ω¯)2 s(ω), (2.103)
define the central angular frequency and the variance of s(ω).
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An unambiguously definition of the spectral width and the coherence time does not exist. One
can find a number of different specifications, depending on the shape of S(ω) [49,58]. It becomes
apparent that the spectral profile determines the validity of the single definitions. For example, a
well-established definition of the spectral width b˜ is given by the twofold standard deviation
b˜ = 2σ . (2.104)
However, for fat-tailed distributions like Lorentzian spectra, the definition of a width written in
equation (2.104) is not applicable. Therefore, we use an alternative definition for the frequency
spectral width
b =
1∫ ∞
−∞ dω s2(ω)
, (2.105)
introduced by L. Mandel11 [59] and also known as Süssmann measure [48]. Based on the relation
between frequency and wavelength, ν = c/λ , the frequency spectral width b in terms of the
wavelength spectral width ∆λ and central wavelength λ¯ is given by [49]
b = 2pi∆ν ' 2pic
λ¯ 2
∆λ . (2.106)
Clearly, a strict declaration of the definition of a spectral width is necessary 12 , which becomes
quite obvious in case of a single normalized Gaussian spectrum s(ω) with standard deviation σ .
According to definition (2.105) the spectral width for the light beam is
bgauss = 2
√
piσ . (2.107)
A direct comparison with the definition (2.104) reveals a discrepancy of a factor
√
pi ≈ 1.77.
The coherence time is defined by the integral
τc =
∫ ∞
−∞
dτ |g(1)(τ)|2, (2.108)
which reflects the timescales at which |g(1)(τ)| vanishes. To be specific, on timescales τ < τc
the correlation of the fluctuations is strong, whereas for τ > τc the correlation becomes weak. In
addition, the spectral width and the coherence time are related by [49]
τc ∼ 1b . (2.109)
11 The definition (2.105) of a spectral width by L. Mandel was firstly introduced in the context of a study of the extent of
a unit cell of the photon phase space.
12 A superluminescent diode spectrum described by equation (4.5) and parameters listed in table 4.1 shows a spectral
width of about b = 2pi ·13 THz according to the definition (2.105). A comparison with the spectral width definition in
equation (2.104), b˜ = 2pi ·7.5 THz exhibits a significant systematic bias.
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2.3.2 Second-order autocorrelation
The second-order autocorrelation function provides information about the photon statistics of
light under consideration. It describes the photon counting probability to detect a photon at space-
time event x1 = (r1, t1) and a second one at x2 = (r2, t2). This corresponds to the expectation
value
G(2)(x1;x2) = 〈Eˆ(−)(x1)Eˆ(−)(x2)Eˆ(+)(x2)Eˆ(+)(x1)〉. (2.110)
The second-order degree of coherence is defined by
g(2)(x1;x2) =
G(2)(x1;x2)
G(1)(x1;x1)G(1)(x2;x2)
. (2.111)
We consider again the general electric field described by equation (2.91). Obviously, G(2)(x1;x2)
is proportional to the fourth-order moment of annihilation and creation operators,
G(2)(x1;x2) = ∑
i jlm
v∗i (r1)v
∗
j(r2)vl(r2)vm(r1)〈aˆ†i (t1)aˆ†j(t2)aˆl(t2)aˆm(t1)〉, (2.112)
evaluated at different space-time events (r1, t1) and (r2, t2). Again, we only need to specify the
mode functions and the quantum expectation value of annihilation and creation operators to
determine the temporal second-order autocorrelation function of a radiation field described by an
arbitrary quantum state.
Generally, the temporal second-order degree of coherence with time delay τ > 0 is given by
g(2)(r,τ) = lim
t→∞
〈Eˆ(−)(r, t)Eˆ(−)(r, t + τ)Eˆ(+)(r, t + τ)Eˆ(+)(r, t)〉
〈Eˆ(−)(r, t)Eˆ(+)(r, t)〉〈Eˆ(−)(r, t + τ)Eˆ(+)(r, t + τ)〉 , g
(2) ∈R. (2.113)
This experimentally available measure is real, symmetric and has no upper bound [57],
g(2)(r,τ) = g(2)(r,−τ), 0≤ g(2)(r,τ) ≤ ∞, (2.114)
in contrast to the first-order degree of coherence (cf. equation (2.100)). An equal-time, second-
order degree of coherence defines the central second-order degree of coherence g(2)(0). This
physical quantity plays a central role in the context of hybrid coherent light as we will see later
in this thesis.
2.3.3 Temporal autocorrelation of coherent states
Regarding the general expression for a multimode, transverse electric field in equation (2.91),
the nth-order degree of coherence of a coherent state is [60]
|g(n)(x1, ...,xn;xn, ...,x1)|= 1, ∀n ∈N\{0}. (2.115)
In general, the state of a radiation field is said to be nth-order coherent, if
|g( j)(x1, ...,x j;x j, ...,x1)|= 1, ∀ j ≤ n. (2.116)
In particular, first- and second-order temporal correlations in terms of coherent states with time
delay τ satisfy
|g(1)(τ)|= g(2)(τ) = 1. (2.117)
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2.3.4 Temporal autocorrelation of thermal states
2.3.4.1 Temporal first-order autocorrelation
We consider a free radiation field Eˆ of type (2.91) with aˆi(t) = aˆie−iωit , described by a thermal
state with density operator (2.72). As already shown in equation (2.92), the first-order correlation
function G(1)(r, t;r, t + τ) depends on
〈aˆ†i (t)aˆ j(t + τ)〉= 〈aˆ†i aˆ j〉ei(ωi−ω j)te−iω jτ . (2.118)
The average on the right-hand side of equation (2.118) is given by the mean thermal occupation
number already defined in equation (2.76),
〈aˆ†i aˆ j〉= Tr{aˆ†i aˆ j ρˆt}= nT (ωi)δi j. (2.119)
Therefore, the temporal first-order correlation function and the first-order degree of coherence of
a free thermal radiation field reduces to
G(1)(r, t;r, t + τ) =∑
i
|vi(r)|2e−iωiτnT (ωi), g(1)(r,τ) = ∑i |vi(r)|
2nT (ωi)e−iωiτ
∑i |vi(r)|2nT (ωi)
. (2.120)
1 D WAV E G U I D E In the following, we assume that the considered radiation field is linearly
polarized in y-direction with running waves propagating along the z-axis which are subjected
to periodic boundary conditions (cf. section 2.1.1). The mode function of the electric field in
equation (2.91) is written by
v j(r) = i
√
h¯ω j
2εV
χ(x,y)eik jz. (2.121)
Here, V is the physical volume and χ(x,y) is an additional spatial component. With such a
specific mode function, the normalized first-order correlation (2.120) reads
g(1)(τ) = ∑i
ωinT (ωi)e−iωiτ
∑iωinT (ωi)
, g(1)(0) = 1. (2.122)
Please note, g(1)(τ) is independent of position z and has a maximum at vanishing time delay.
In [60] (see also [49]), we already discussed temporal correlations of thermal light sources. By
calculating the real part of the first-order correlation function in the continuum limit, it turned
out that the first-order degree of coherence is specified by
g(1)(τ) = −3csch2
(
pikBTτ
h¯
)
+ 3
(
h¯
pikBT
)2 1
τ2
. (2.123)
Furthermore, in case of time delays much smaller (bigger) than the thermal coherence time
τc =
h¯
2pikBT
, (2.124)
the absolute value |g(1)(τ)| is determined by
|g(1)(τ)|=
{
1, τ  τc
0, τ  τc
. (2.125)
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Figure 2.6: Absolute value of the first-order degree of coherence of a thermal state at temperature
T = 0.09 K (red), T = 0.9 K (blue), T = 1.9 K (green) and T = 190 K (orange) as a
function of scaled time delay τ˜ .
Figure 2.6 visualizes this behavior of the absolute value of the first-order degree of coherence for
a thermal light state at temperatures T = 0.09 K (red), T = 0.9 K (blue), T = 1.9 K (green) and
T = 190 K (orange) in terms of
τ˜ =
pikB
h¯
τ =
1
2T
τ
τc
(2.126)
which is of unit (K−1s−1 ). Obviously, for increasing temperature, the correlation time becomes
shorter, that is the radiation field in thermal equilibrium described by a thermal state decorrelates
more rapidly for higher temperatures.
2.3.4.2 Temporal second-order correlation function
To calculate the second-order correlation of the free propagating thermal radiation field Eˆ with
mode functions described by equation (2.121),
G(2)(r, t;r, t + τ) =∑
i jkl
v∗i (r)v
∗
j(r)vk(r)vl(r)e
−i(ωk+ωl−ωi−ω j)te−i(ωk−ω j)τ〈aˆ†i aˆ†j aˆk aˆl 〉, (2.127)
we have to calculate equal-time averages of annihilation and creation operators. Such averages
are easily determined by utilizing the result (2.119) and Wick’s theorem (see appendix A), which
is applicable for Gaussian states. Thereby, the fourth-order moment factorizes into products of
second-order moments according to
〈aˆ†i aˆ†j aˆk aˆl 〉= 〈aˆ†i aˆ†j〉〈aˆk aˆl 〉+ 〈aˆ†i aˆk〉〈aˆ†j aˆl 〉+ 〈aˆ†i aˆl 〉〈aˆ†j aˆk〉
= nT (ωi)nT (ω j)(δikδ jl + δilδ jk).
(2.128)
Inserting this solution into the second-order autocorrelation function (cf. equation (2.127)) allows
to determine the second-order degree of coherence of a thermal state given by
g(2)(τ) = 1+
|∑iωinT (ωi)e−iωiτ |2
(∑iωinT (ωi))2
= 1+ |g(1)(τ)|2, (2.129)
2.3 S P E C T R A L A N D S TAT I S T I C A L P RO P E RT I E S O F L I G H T 23
T = 0.09 K
T = 0.9 K
T = 1.9 K
T = 190 K
-4 -2 0 2 4
1.0
1.2
1.4
1.6
1.8
2.0
τ ((Ks)-1)
g
(2
) (
τ )
Figure 2.7: Second-order degree of temporal coherence of a thermal state at the temperatures
T = 0.09 K (red), T = 0.9 K (blue), T = 1.9 K (green) and T = 190 K (orange) as a
function of scaled time delay τ˜ .
with a maximum value of g(2)(0) = 2 as depicted in figure 2.7. Here, we have chosen the same
temperature values as already considered for the first-order correlation in figure 2.6.
Equation (2.129) is known as Siegert relation [61] and relates the second-order to the first-order
correlation. This relation together with the condition (2.89) reveal an upper and lower bound for
the second-order correlation of thermal states,
g(2)(0) ≥ g(2)(τ), (2.130)
which is fully in line with classical optics [40] and therefore permits an unambiguous interpreta-
tion of the occurrence of an increased g(2)(0) = 2 value. For thermal light sources, the probability
to detect equal-time photon coincidences is greater than measuring coincidences of photons at
different times. In other words: the probability to detect a photon at time t+ τ after detection of a
photon at time t increases for decreasing time delay τ . From the photon concept of light, this
means that photons of classical thermal light sources have the tendency to arrive at the detector
much closer together, that is in form of photon bunches. This phenomenon was observed for
the first time by R. Hanbury Brown and R. Q. Twiss (HBT). They measured intensity-intensity
correlations to analyze the size of astronomic objects by using a special interferometer setup
which is depicted in figure 2.8 [15]. Here, radiation emitted by the light source is split into two
partial beams, each one measured by a photomultiplier detector. One of theses detectors pos-
sesses a variable time delay τ , experimentally realized by a movable mount. Within a correlator,
both fields are multiplied and averaged. This experiment represents one of the most important
milestones of modern quantum optics and becomes a standard method in interferometry.
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Figure 2.8: A Hanbury Brown & Twiss interferometer.
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Photons of classical light sources have a tendency to strike the detector in pairs, which is
reflected by an increasing value of the second-order correlation function for decreasing time
delay. Thermal light sources show such classical intensity fluctuations with a central second-
order degree of coherence of g(2)(0) = 2. Coherent light sources with g(2)(τ) = g(2)(0) = 1
form the limiting case of the condition (2.130). Here, photon counts are measured randomly
separated [40]. As already demonstrated in section 2.3.3 and 2.3.4, radiation described by a
thermal state is incoherent and obeys a Bose-Einstein statistics, whereas coherent states exhibit
Poissonian photon statistics. This presents an evidence of an inherent difference in the photon
emission process itself: While the radiation of truly thermal light sources is based on spontaneous
emission, coherent light is dominated by stimulated emission processes.
From classical considerations, the temporal second-order degree of coherence obeys the
inequality g(2)(0) > g(2)(τ), which can be easily verified by applying the Cauchy-Schwarz
inequality [62]. Thus, a raising slope of the classical temporal second-order degree of coherence
is forbidden. However, from a quantum mechanical point of view, this behavior is quite observable.
Photons of non-classical light sources tend to arrive well-separated from each other [32]. Here,
the probability to detect a photon at a finite time t + τ after detecting a second photon at time
t is higher than detecting two photons, simultaneously. This pure quantum effect is called
antibunching. Therefore, measuring a g(2)(0) < g(2)(τ) represents a direct proof of the quantum
nature of light. Photon antibunching is observable in resonance fluorescence of single two-level
atoms [17, 63, 64], in a beam of definite photon number [65] and also in single quantum dots at
room temperature [18, 66]. Obviously, the temporal second-order degree of coherence allows to
categorize light in terms of its quantum nature by studying the slope for varying time delay τ ,
resulting in three different cases:
g(2)(0) > g(2)(τ) classical light (bunching)
g(2)(τ) = g(2)(0) coherent light
g(2)(0) < g(2)(τ) non-classical light (antibunching)
(2.131)
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Regarding the concept of hybrid coherent light, showing both coherent and incoherent character-
istics in terms of g(2)(0), we have a closer look at the central second-order degree of coherence.
Again, light sources are classified in the following categories [40]:
g(2)(0) > 2 superbunched light
g(2)(0) = 2 incoherent (thermal) light
1< g(2)(0) < 2 partially coherent light
g(2)(0) = 1 coherent light
0≤ g(2)(0) < 1 antibunched light
(2.132)
Figure 2.9 sketches the different coherence regimes of light sources with regard to the second-
order coherence degree for varying time delay τ in arbitrary units. Please note that we distinguish
superbunched
incoherent
partially coherent
coherent
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Figure 2.9: Sketch of the temporal second-order degree of coherence g(2)(τ) as a function of time
delay τ in arbitrary units for superbunched (purple), incoherent (orange), partially
coherent (green), coherent (blue) and antibunched (red) light sources.
between incoherent (orange) and partially coherent (green) light sources in the sense that purely
incoherent light corresponds to thermal light or blackbody radiation with a central degree of
coherence of g(2)(0) = 2, whereas partial coherent light denotes classical (bunched) light with
1< g(2)(0)< 2. Coherent radiation with a constant g(2)-value of 1 is reflected by the blue line.
The red curve shows non-classical emission in which the antibunching phenomenon is observable.
The limiting case of g(2)(0) = 0 in the classification (2.132) represents a vanishing probability to
measure two photons simultaneously which is the case for temporal, equidistant photon emission.
Subject to the enumeration (2.132), classical (bunched) light sources with a second-order de-
gree of coherence of g(2) > 2 exhibit superbunching [67] observable e.g. for displaced-squeezed
states [68], in twin beams created by the nonlinear optical effect of parametric down conver-
sion [69] or for two-photon path interference [70].
Special attention is dedicated to the limiting case of infinitely long time delay. In all mentioned
cases summarized in (2.131), the second-order correlation tends to one, g(2)(τ)→ 1. That is,
photon separations are randomly distributed for infinitely large time delay τ and no correlation
between emitted photons is observable. Thus, each light source becomes uncorrelated for τ→ ∞.
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In this section, we determined the quantized electric field in the presence of a dielectric medium
and introduced temporal correlations. We mentioned the main characteristics of coherent and
thermal states and analyzed their temporal first- and second-order correlations. Furthermore,
we studied the photon statistics of light sources by having a closer look at the central second-
order degree of coherence. For the sake of completeness, one should mention the other feasible
counterpart, namely the spatial autocorrelations, e.g. relevant for ghost imaging techniques13
[71–73]. In the context of hybrid coherent light, these spatial correlations are irrelevant from a
theoretical as well as an experimental point of view. Therefore, the whole thesis is dedicated
entirely to the description of temporal first-and second-order autocorrelation functions of light
emitted by a quantum dot superluminescent diode. However, this becomes quite challenging
without the knowledge of the working principle, structure and performance of the special
semiconductor device. The next chapter deals with these open questions and outlines the key
characteristics of quantum dot superluminescent diodes.
13 Here, an arbitrary object is imaged by spatially correlating information of two detectors. One detector measures a
light beam which passes the object, the other one detects light which never interacts with the object.
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H Y B R I D C O H E R E N T L I G H T
A detailed experimental study of the light characteristics of quantum dot superluminescent
diodes in terms of first- and second-order temporal autocorrelations by M. Blazek and W. Elsäßer
[1] in 2011 highlighted a new class of light states, neither observed in natural photon sources
nor in experimentally manipulated systems so far. These novel states of light are incoherent
in first and simultaneously coherent in second-order correlation function. Understanding the
generation of this hybrid coherent light represents an interesting and challenging field of research,
giving more insights to the quantum nature of light-emitting semiconductor devices. This thesis is
dedicated to find an explanation for the hybrid coherent light phenomenon. Therefore, this chapter
is of high importance as it delivers a brief summary of the significant characteristics of quantum
dot superluminescent diodes as well as all relevant information about the hybrid-coherent light
experiment, necessary to study the occurrence of these novel states of light from a theoretical
point of view. More details of the correlation measurements can be found in reference [1, 74, 75].
3.1 Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S
Superluminescent diodes (SLDs) are opto-electronic, edge-emitting semiconductor devices,
which emit spatial directed light with spectral widths of several THz [74, 76–78]. Figure 3.1
shows such a diode.
Figure 3.1: Image of a quantum dot superluminescent diode. With kind permission of S. Blumen-
stein [75].
The setup of the device is comparable with standard laser diodes (LDs). The active medium
inside the optical waveguide is embedded in a forward biased p-n junction [76, 78]. Electrons
of the n-doped and holes of the p-doped material relax in the active region due to diffusion
processes and recombine under the emission of photons. But in contrast to typical laser diodes or
light-emitting diodes (LEDs), a SLDs exhibits neither purely spontaneous nor purely stimulated
emission; it generates amplified spontaneous emission (ASE). Here, initially spontaneous emitted
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photons receive light amplification by stimulated emission processes during their propagation
through the waveguide. Table 3.1 summarizes the major differences of LEDs, SLDs and LDs.
Properties
Light Emitting
Diode
Superluminescent
Diode
Laser
Diode
Optical bandwidth Large Large Small
Optical power Low Medium High
Coherence length Small Small Large
Light emission
Spontaneous
emission
Amplified spontaneous
emission
Stimulated
emission
Table 3.1: Comparison of the main optical characteristics of LEDs, SLDs and LDs [78].
Accordingly, a SLD combines the spatial coherence features of typical laser diodes with the
remarkable broadband spectrum of light-emitting diodes. To guarantee broadband ASE, some
requirements need to be satisfied regarding the waveguide geometry and of course the gain
medium itself.
There are different kinds of waveguide configurations providing some advantages or disadvan-
tages, depending on the system of interest. In the hybrid coherent light experiment of M. Blazek
and W. Elsäßer [1], a SLD with a tilted, both-sided emitting waveguide was used, that will be
described more detailed within the next section.
Q UA N T U M D OT S The gain medium are quantum dots (QDs) or nano-crystallites. QDs are
semiconductor heterostructures 1 of about 1−10 nm [79] and are composed of 103−109 atoms.
Here, a semiconductor with a large band gap encloses a lower band gap semiconductor, in
which the charge carriers are localized in all three spatial directions in the region of their de
Broglie wavelength. The quantum mechanical problem of a particle in a box models this three-
dimensional confinement of the charge carriers [80] and therefore verifies in a very simple way
the occurrence of discrete energy levels in QDs. Needless to say, this model has been improved
during the last decades by integrating more and more physical phenomena and material specific
properties for instance electron-hole Coulomb interaction, valence band structure and so on,
leading to eventually drastic modifications of the energy states [81]. Nevertheless, the prediction
of discrete structures in energy is correct and experimentally confirmed by considering identical
QD gain systems realized by lithographic etching techniques [82]. The energy spectra of QDs
are comparable with the spectra of ordinary atoms but with one significant difference: while
the quantized energy levels of atoms are well defined in their localization, the energy bands of
QDs depend strongly on intrinsic parameters like size, shape, material and material composition
as well as on the external temperature [83–86]. Thus, it is possible to tune the energy band
gap over a long range merely by changing the mentioned parameters. This is the reason why a
quantum dot is also called artificial atom. Similar to the case of atoms, an external excitation,
realized by applying an electric current, leads to photon emission of definite wavelengths. But
here, the generation of photons is based on radiative recombination processes of electrons from
the conduction band with holes from the valence band. Clearly, the photon energies are equal
to the corresponding quantum dot transitions. The lowest optical interband transition is called
ground state (GS). Higher transitions are called the first excited state (ES), second excited state
(SES) and so on. Figure 3.2 depicts the energy band structure of a quantum dot. Charge carrier
1 "For developing semiconductor heterostructures used in high-speed- and opto-electronics" H. Kroemer and Z. I.
Alferov had been awarded the nobel prize in physics in 2000.
3.1 Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S 29
λGS
λES
λSES
WL
CB
VB
GS
ES
SES
Position
En
er
gy
Figure 3.2: Energy band structure of a quantum dot in position space. Electrons from the con-
duction band (CB) of the bulk medium relax into the wetting layer (WL) and from
the WL to the ground (GS), first excited (ES) and second excited state (SES). The
GS, ES and SES electrons recombine with holes from the valence band (VB) and
simultaneously emit photons of wavelength λGS, λES and λSES.
relaxation from the conduction band of the bulk medium into the wetting layer (WL) and from
the wetting layer into the energy levels (GS, ES, SES) are symbolized by black arrows. The
recombination process of the lowest, first and second excited state and the simultaneously emitted
photons of wavelength λGS ≥ λES ≥ λSES are visualized by red, green and blue arrows. The
possibility to produce such artificial atoms with desired opto-electronic properties opens a wide
field of applications for commercial purposes like solar cells [87] or biological diagnostic tools
for discerning cellular function at the molecular level [88]. But also for the field of quantum
information, QDs became indispensable as single-photon emitters [89] or qubits [90, 91].
A widely-used fabrication technique of self-assembled QD gain media is epitaxially grown
based on the Stranski-Krastanow method [92, 93]. This technique is much cheaper and more
rapid compared to lithographic techniques [94]. The QDs nucleate spontaneously on the growth
surface driven by the strain of lattice mismatch between epitaxial layer and the substrate when
using molecular beam epitaxy or metal-organic vapor phase epitaxy techniques [78]. Due to
this self-organized growth, the dots are not identical but rather show an approximately Gaussian
distribution in their sizes [95]. Therefore, the single energy levels of the complete set of QDs are
broadened. This inhomogeneous broadening of the gain medium is utilized in a quantum dot
superluminescent diode (QDSLD) which is the central object of this thesis.
Figure 3.3 shows a typical measured optical power spectrum of a QDSLD with purely GS
emission (black line). The green line is a Gaussian fit,
S(ω) =
S0√
2piσ2
e−(ω−ω¯)
2/(2σ2), (3.1)
of central frequency ω¯ = 2pi ·0.24 PHz (λ¯ =1249.14 nm), standard deviation σ = 2pi ·1.16 THz
and amplitude S0 = 0.113/
√
2piσ2. The spectral width is given by b = 2pi ·4.11 THz or in terms
of wavelength ∆λ =21.39 nm.
In order to obtain such smooth THz broad radiation spectra and spatial directed ASE, more
than one layer of the gain medium are used [96]. Typically, 5−15 layers guarantee the desirable
light behavior. They are spatially separated by another semiconductor material, the so-called
buffer layers.
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Figure 3.3: The measured optical power spectrum S(ω) of a QDSLD in arbitrary units shows GS
emission. The experimental data (black) are fitted with a Gaussian function (green)
with a central frequency ω¯ = 2pi ·0.24 PHz (λ¯ =1249.14 nm), a standard deviation
σ = 2pi ·1.16 THz and an amplitude S0 = 0.113/
√
2piσ2. The spectral width is given
by b = 2pi ·4.11 THz (∆λ =21.39 nm).
In summary, the delicate choice of waveguide geometry and gain medium results in high output
powers, high efficiency, spatial coherence and a very broad spectral width. These features of the
emitted radiation field together with the remarkable fabrication characteristics of an adaptable,
compact and robust semiconductor device, are in great demand for industrial applications like
optical coherence tomography (OCT) [28, 97–100], telecommunication [101], fiber-optic sensors
and gyroscopes [24, 25, 102], etc. Also fundamental research such as ghost imaging techniques
[73,103–105] or the analysis of fundamental quantum optical questions on the photon statistics of
broadband emitting semiconductor devices [1, 106, 107] takes advantage of these semiconductor
devices. The last mentioned experiment performed by M. Blazek and W. Elsäßer measured
temporal hybrid coherent light for the first time with the help of a QDSLD.
3.2 FI R S T O B S E RVAT I O N O F H Y B R I D C O H E R E N T L I G H T
The QDSLD, studied by M. Blazek and W. Elsäßer [1], was commercially fabricated by the
University of Sheffield and the III-V Labs in Palaiseau (series VN1035). This diode possessed
a gain medium containing indium arsenide (InAs) quantum dots embedded in indium gallium
arsenide (InGaAs) quantum wells (dot-in-well structure). The optical waveguide had a length
of L = 6 mm and was slightly tilted under an angle of 5− 8◦ with respect to the longitudinal
axes. In addition, the emission facets where anti-reflection coated to suppress the formation of
longitudinal modes [108]. To obtain high efficient light amplifications with broad spectral ranges
six layers of the gain medium were utilized, whereas each layer consisted of about 400 quantum
dots per µm2 . They were spatially separated by buffer layers with refractive index nm ≈ 3.5
slightly smaller than the index of the single gain layers nc ≈ 3.505. The diode emitted on both
sides.
The emitted light of the QDSLD had an optical output power of P = 50 mW and a central
wavelength of λ¯= 1220±110 nm at room temperature. The device emitted transverse-electric
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(TE) linear polarized light with a polarization degree of 90−95%. To allow temperature mea-
surements in the range of T = 90−290 K, the diode was embedded in a liquid-nitrogen cooled
cryostat. The power spectrum S(λ ) = POpt(λ ) was measured with an optical spectrum analyzer
and is depicted in figure 3.4 for a fix pump current I = 1 A and different temperatures T = 90 K
(red, dotted line), T = 190 K (light blue, dashed line) and T = 290 K (dark blue, solid line) [1].
Figure 3.4: Semi-log plot of the optical power spectrum S(λ ) = POpt versus wavelength λ at
pump current I =1 A and various temperature T = 90 K (red, dotted line), 190 K
(light blue, dashed line) and 290 K (dark blue line). Dominated GS emission at
90 K and dominated ES emission at 290 K is observable. Requested figure with
permission from M. Blazek and W. Elsäßer, Coherent and thermal light: Tunable
hybrid states with second-order coherence without first-order coherence, 84, 063840,
2011. Copyright 2018 by the American Physical Society.
Obviously, at T = 290 K the ES emission dominates with central wavelength λ¯ES = 1219 nm
in contrast to the rather weak GS emission (λ¯GS = 1300 nm). This proportion changes drastically
with a decreasing temperature. At T = 190 K the ES contribution with central wavelength
λ¯ES = 1181 nm is still larger that the GS emission (λ¯GS = 1252 nm), but the ratio becomes
appreciably weaker. Further reduction of the temperature to T = 90 K reveals a dominant GS
emission with central wavelength λ¯GS = 1215 nm larger than the central wavelength of the
ES contribution (λ¯ES = 1146 nm). In addition, a raising output power POpt with decreasing
temperature is observable. However, we suppose that the generation of hybrid coherent light
does not originate from a special ratio of GS and ES emission. The most important result which
we should keep in mind is that the spectral width is still of the order of THz and no significant
spectral narrowing is visible. That is, the radiation emitted by the QDSLD operated at T = 190 K
remains highly incoherent in the first-order temporal correlation.
M E A S U R E M E N T O F g(2)(0) Generally, light of mean wavelength λ¯ with a large spectral
width ∆λ has a short coherence time τc according to equations (2.109) and (2.106) [49, 58],
τc ∼ λ¯
2
2pic∆λ
, (3.2)
requested in cases where undesired interference effects prohibit high resolutions. Especially THz-
wide optical power spectra of QDSLDs give rise to a coherence time of the order of femtoseconds,
τc ∼ fs. As already mentioned, usual photon statistical intensity correlation measurements are
based on HBT setups [15] (see figure 2.8) comparable with standard Michelson interferometer,
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in which the mirrors are replaced by detectors. Here, the two light beams, formed by a beam
splitter, are measured independently by the particular detectors, in contrast to the Michelson
interferometers, where a combination of the light fields before detection is essential. Therefore,
only intensity fluctuations are measurable and all information about their relative phase is lost.
However, typical photo detectors have temporal resolutions of picoseconds [109], obviously not
high enough to detect the ASE of broadband QDSLDs with standard HBT interferometry. In
2009 F. Boitier et al. [29] introduced a new kind of photon correlation measurement technique
based on the so called two-photon absorption (TPA), a non-linear effect already predicted in 1931
by M. Goeppert-Mayer [110] and studied theoretically in terms of field correlation functions by
B. R. Mollow [111] in 1968. In a semiconductor, two-photon absorption is based on a transition
from the valence band to the conduction band by two instantaneously single-photon transitions
of energy h¯ω1, h¯ω2 via an intermediate virtual state (see figure 3.5).
Wave vector
En
er
gy
CB
VB
Virtual state
h¯ω1
h¯ω2
Eg
Figure 3.5: Sketch of the two-photon process in a semiconductor quantum dot. It is based on a
transition from the valence band (VB) to the conduction band (CB) via two instan-
taneously single-photon transitions of frequency h¯ω1 and h¯ω2 via an intermediate
virtual state. The band gap energy is Eg ≤ h¯(ω1+ω2).
The energies of the single-photon transitions are smaller than the band gap energy Eg whereas
the sum of both transition energies is at least the band gap energy Eg, that is Eg ≤ h¯(ω1+ω2).
The lifetime of the virtual state is limited by τ ≤ h¯/Eg due to the Heisenberg uncertainty
relation [61, 112]. Two-photon absorption is detectable within this ultrashort time regime of τ
which is of some femtoseconds in case of near-infrared photons. Thus, within this method it is
possible to detect photon bunching in the femtosecond regime, indispensable for the observation
of hybrid coherent light.
The experimental setup [1] for measuring the second-order autocorrelation function of broad-
band QDSLDs corresponded to a Michelson-interferometer in which a TPA signal was generated
inside a TPA photomultiplier tube (PMT). The emitted light entered a beam splitter (BS) which
generated two partial beams. Each of them striked a mirror, in which one of them was movable
with displacement ∆x and therefore induced a time shift τ , necessary to extract g(2)(τ) from the
measured PMT interferogram [1, 29, 113]. The entire setup was insulated from the environment
by a black box due to the PMT sensitivity to visible light. The QDSLD was cooled inside
the liquid-nitrogen cryostat in order to measure temperature dependent central second-order
correlations. A more detailed explanation of the experiment is found in ref. [1, 74].
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Figure 3.6 shows the experimental result of the central second-order degree of coherence as a
function of temperature.
Figure 3.6: Second-order degree of coherence as a function of temperature. A clear reduction from
g(2)(0) = 2 to g(2)(0) = 1.33 at a temperature of T = 190 K is visible. Requested
figure with permission from M. Blazek and W. Elsäßer, Coherent and thermal light:
Tunable hybrid states with second-order coherence without first-order coherence, 84,
063840, 2011. Copyright 2018 by the American Physical Society.
Clearly, for QDSLD emission a reduction of g(2)(0) from 2 to 1.33 is observable at a tempera-
ture of T = 190 K, whereas its spectral property of a broadband THz emission is preserved (see
light blue, dashed line in figure 3.4). In other words, at T = 190 K light emitted by a QDSLD
is incoherent in first and simultaneously coherent in second-order of temporal correlation. The
direct observation of so-called hybrid coherent light is in conflict with Glauber’s coherence
theory (cf. section 2.3). Please remember, an incoherent, thermal light state with broadband
radiation spectrum exhibits a central second-order degree of coherence of g(2)(0) = 2, whereas
coherent states are coherent in all orders of the correlation function with |g(n)(0)| = 1 for all
n ∈ N (cf. equation (2.116)). From the perspective of fundamental physics, the violation of this
paradigm is of particular interest.
An explanation for the occurrence of these novel states of light represents the aim of this thesis.
For this reason, a theory of broadband ASE of QDSLDs is particularly relevant, which of course
has to reflect the main device specific characteristics as well as the experimental hybrid coherent
light conditions highlighted in this chapter. As a first step, we study in the following chapter the
light already emitted by a QDSLD in terms of first- and second-order correlations.

4
L I G H T S TAT E S O F Q UA N T U M D OT S U P E R L U M I N E S C E N T
D I O D E S
The analysis of hybrid coherent light enforces a detailed study on the photon statistics of the
amplified spontaneous emission which was first studied by L. Allen and G. I. Peters classically
[114–117]. However, photon statistics is the footprint of the quantum nature of light, which is
directly related to the emission spectral density and mathematically quantified by the central
second-order degree of coherence (see chapter 2). Therefore, already existing, well-established
theories of SLD emission, based on rate equations or traveling wave approaches [118–120], have
to be extended to the quantum world, which has not been done yet to the best of our knowledge.
The high complex material semiconductor structure can be directly embedded within a quantum
field theoretical ansatz. However, this leads to many degrees of freedom.
As a first step, we want to postulate a quantum state describing ASE of the diode system,
allowing us to implement the emission and photon statistical properties by disregarding additional
material or geometric specific characteristics of the device. Thus, at this point of the thesis, we
claim that it is so far unnecessary to study the light creation and propagation in the semiconductor
waveguide structure.
In this chapter, first- and second-order correlation functions of the chosen light state are
studied in detail, the validity which is proven by two experiments [121, 122] at room temperature
conducted by S. Blumenstein (name of birth Hartmann) et al.. All pictures showing measurements
are adapted or taken from ref. [122], generated in a collaborative way. The first measurement
is based on optical feedback, whereas the second one considers the convolution of coherent
light with the SLD broadband radiation. We will see that both experiments exhibit remarkable
agreement with our theoretical predictions.
4.1 P H A S E - R A N D O M I Z E D G AU S S I A N S TAT E
In order to model a THz broadband radiation spectrum of a QDSLD, we choose a quantized
transversal electric field Eˆ(r, t) evaluated at position r = (x,y,z)T and time t. The observed
radiation field outside the quantum dot superluminescent diode is highly multimode. Therefore,
we consider a free electric field given by a superposition of a large number of N longitudinal
modes with positive frequency part
Eˆ(+)(r, t) = Eˆ(+)(x,y, t− z
c0
) = Eˆ(+)(r, t)ey, Eˆ(+)(r, t) =
N
∑
j=1
u j(r, t)aˆ j. (4.1)
We require a linear polarization in y-direction due to the structural composition of the device (see
chapter 3.2) [123]. Although the diode system emits both-sided, we consider a mono-directional
35
36 L I G H T S TAT E S O F Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S
theory for right traveling waves in equation (4.1), motivated by experimental setups. Therefore,
we study mode functions of type
u j(r, t) = E jχ(x,y)ei(k jz−ω jt), k j =
2pi j
L
, j ∈N, (4.2)
formed by a single transverse wave function χ(x,y) and N longitudinal plane waves with wave
numbers k j and optical system’s length L. The radiation field (4.1) is an approximate solution of
the free Maxwell equations which satisfies the one-dimensional wave equation (cf. section 2.1)
and shows a linear dispersion relation,
ω j = c0k j > 0. (4.3)
The spatio-temporal field modes are normalized according to∫
V
d3r |u j(r, t)|2 = V , (4.4)
with system volume V = LA and cross-section area A. The normalization term E j originates
from the choice of periodic boundary conditions during the quantization process and was already
introduced in (2.54) with ε = ε0.
PA R A M E T E R I Z I N G T H E Q UA N T U M S TAT E For parameterizing the quantum state, we
interpret the optical power spectrum of the QDSLD shown in figure 4.1, measured within the
mixed light experiment, which will be explained in section 4.5.
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Figure 4.1: Measured optical power spectrum S(ω) (black) as a function of angular frequency ω
of a QDSLD used in the mixed-light experiment (cf. section 4.5). The diode emits at
a central frequency of ω¯ = 2pi ·242.6 THz (λ¯ = 1236.0 nm) with a spectral width of
b= 2pi ·13 THz (∆λ 66.25 nm). A three-term Gaussian fit (red) possesses a dominant
central emission (green dashed line) as well as upper (blue) and lower (purple) side-
bands with fit parameters, listed in table 4.1.
The diode shows broadband GS and higher-order emission with Gaussian-shaped distributions.
It emits on a central frequency of about ω¯ = 2pi ·242.6 THz (λ¯=1236.0 nm) with a spectral width
of b = 2pi ·13 THz (∆λ = 66.25 nm). Furthermore, there are upper and lower side-bands, whose
strength are determined by a thee-term Gaussian fit of the optical power spectrum
S(ω) =
3
∑
i=1
S0i e
− (ω−ω¯i)2
2σ2i . (4.5)
4.1 P H A S E - R A N D O M I Z E D G AU S S I A N S TAT E 37
The numerical data of the fitted amplitudes S0i , the central frequencies ω¯i and standard deviations
σi are listed in table 4.1.
i 1 (green) 2 (blue) 3 (purple)
ω¯i (THz) 2pi ·242.55 2pi ·246.05 2pi ·236.82
λ¯i (nm) 1236.0 1218.42 1265.91
σi (THz) 2pi ·2.468 2pi ·2.875 2pi ·2.105
S0i (arbitrary units) 1.904 0.637 0.532
Table 4.1: Fit parameters of the Gaussian interpolation (cf. equation (4.5)) of the mixed-light
spectral density shown in figure 4.1.
Obviously, this illustrates that the quantum state is highly incoherent, which is measured by the
first-order temporal autocorrelation function g(1)(τ). However, the shape of the power spectrum
is rather a Gaussian than a Planck distribution. Therefore, the light state is not describable by a
thermal state.
In addition, in the context of hybrid coherent light generation, a reduction of the second-order
degree of coherence to g(2)(0) = 1.33 at a temperature of T =190 K is observable, which is
clearly a significant discrepancy from ideal thermal photon statistics with g(2)(0) = 2. This can
be interpreted as a delicate balance between spontaneous and stimulated emission processes.
This experimental observation is compatible with the multimode phase-randomized Gaus-
sian (PRAG) state
ρˆs =
1
(2pi)N
∫ 2pi
0
dNφ Dˆ(γ)ρˆtDˆ†(γ). (4.6)
Here, the multimode displacement operator
Dˆ(γ) = exp
[
N
∑
i=1
γiaˆ†i − γ∗i aˆi
]
(4.7)
acts on the canonical thermal state
ρˆt =
e−β Hˆ
Z
, Z = Tr{e−β Hˆ}, β = 1
kBT
, (4.8)
with partition function Z, Hamilton operator Hˆ given by equation (2.44) and β , which is inversely
proportional to the temperature T . Please note the explicit temperature dependency of the quantum
state, relevant for a potential description of the hybrid coherent light phenomenon within a certain
temperature regime. The phase-space representation of the PRAG state for one single-mode i is
depicted in figure 4.2. Here, a Gaussian state which is initially centered at the origin, is shifted by
a complex amplitude γi = |γi|eiφi , where the phase φi is randomized by integration.
P R AG S TAT E O F Z E RO T E M P E R AT U R E Let us investigate a single-mode of vanishing
temperature, T → 0. The probability to find n photons in mode i,
p(n) = 〈δ (n− nˆ)〉= Tr{δ (n− nˆ)ρˆs}= |γ|
2n
n!
e−|γ|
2
, (4.9)
corresponds to a Poissonian distribution of the coherent state |γ〉= Dˆ(γ) |0〉 in spite of random-
ization all phases of the PRAG state with density operator defined in equation (4.6).
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Figure 4.2: Phase-space representation of the PRAG state. We depict the mode i, which is
prepared in a Gaussian (thermal) state, displaced by γi = |γi|eiφi , and the phase angle
is randomized (cf. equation (4.6)).
Field and intensity correlations are evaluable using beneficial Lie algebraic similarity trans-
formations, more precisely the harmonic oscillator algebra [124] with
Dˆ†(γ)aˆ jDˆ(γ) = aˆ j + γ j. (4.10)
As a relevant result, we find first and second moments of the PRAG state, given by
〈aˆi〉= 0, 〈aˆ†j aˆi〉= nS(ωi)δi j with nS(ωi) = nC(ωi)+ nT (ωi), nC(ωi) = |γi|2. (4.11)
A detailed derivation of equation (4.11) is elaborated in appendix B. Furthermore, higher-order
moments are expressible by these lowest moments using Wick’s theorem (see appendix A),
which is a powerful tool to facilitate the determination of the second-order autocorrelation
function. One should notice that the mean thermal occupation number nT (cf. equation (2.76))
explicitly arises in the second moment (see equation (4.11)) which corresponds to a Bose-Einstein
distribution referred in section 2. Therefore, in case of near-infrared (NIR) photons at room
temperature possessing a central angular frequency of ω¯ = 2pi ·0.24 PHz, the thermal occupation
nT (ω)≈ 10−17 is negligibly small. However, we are dealing with a driven semiconductor system,
so that the temperature of the photons must not be the same as the environmental temperature.
As shown in section 2.1.2, a common definition of the field intensity I(r, t) (see equation (2.62))
of the emitted QDSLD light is proportional to the expectation value of the electric field at equal
space-time events,
I(r, t) = I(x,y) = C 〈Eˆ(−)(r, t)Eˆ(+)(r, t)〉, (4.12)
and therefore directly related to the second-order moment (4.11). Obviously, I(x,y) is independent
of time t and position z, resulting from the stationarity of the state itself as well as the translational
invariance of the traveling radiation field described by equation (4.1). This physical variable is of
unit W m−2 in fully agreement to the radiometric definition of an intensity [125].
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The optical power P, measured by a standard single-photon detector at a fix position z is given
by this intensity integrated over the full detector area A,
P =
∫
A
dxdy I(x,y) =
N
∑
i=1
psi =
N
∑
i=1
pci + p
t
i ≡ Pc+Pt with (4.13)
pci = p
c(ωi) ≡ h¯ωic0L nC(ωi), p
t
i = p
t(ωi) ≡ h¯ωic0L nT (ωi), p
s
i = p
c
i + p
t
i . (4.14)
As shown in figure 4.1, the optical power spectrum S(ω) is Gaussian distributed over the
frequency bandwidth [ω1,ωN ]. Clearly, integration of S(ω) over this bandwidth corresponds to
the optical power itself, ∫ ωN
ω1
dω S(ω) = P. (4.15)
Thus, a definition of frequency averages and variances,
〈〈p〉〉 ≡ 1
N
N
∑
i=1
pi, ∆2 p≡
N
∑
i=1
(pi−〈〈p〉〉)2
N
, (4.16)
is inevitable for the interpretation of spectra. The total optical power in terms of power averages
and variances (4.16), is given by the sum of the average of the incoherent field 〈〈pc〉〉 and the
average of the thermal field 〈〈pt〉〉 multiplied by the number of modes N,
P = Pc+Pt = N (〈〈pc〉〉+ 〈〈pt〉〉) . (4.17)
In the following, we will show that field and intensity correlations are expressible by these
physical quantities.
4.2 FI R S T- O R D E R C O R R E L AT I O N F U N C T I O N
We already showed that, by definition of Glauber’s coherence theory, the first-order autocorre-
lation function of the QDSLD emission is given by the average value of the positive and negative
frequency parts of the electric field (4.1) for different space-time events x ≡ (r, t) (cf. equa-
tion (2.87)). Scale invariant properties can be achieved by introducing the normalized first-order
autocorrelation function described by (2.88), in which the denominator corresponds to a product
of intensities (see equation (2.90)). The Wiener-Khintchine theorem (cf. equation (2.95)) relates
the temporal field correlation to the optical power spectrum by a Fourier-transformation, which
is experimentally accessible using a spectrum analyzer. The measured signal is proportional to
the spatially averaged temporal first-order correlation function (cf. equation (2.98)). The integral
over the total detector area A can be evaluated by utilizing the normalization condition (4.4) and
the solution of the second moment given in equation (4.11). The corresponding calculation can
be found in appendix B. As a main result we find that the temporal first-order autocorrelation
function of PRAG states is given by
G(1)(τ) =
1
C
N
∑
i=1
e−iωiτ psi . (4.18)
In case of vanishing time delay, τ = 0, the correlation function is proportional to the total optical
power P,
G(1)(0) =
P
C
. (4.19)
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The spatially averaged normalized temporal first-order degree of coherence, g(1)(τ), is approxi-
mately specified by the ratio of the spatially averaged temporal first-order correlation function
(2.98) and G(1)(0), that is
g(1)(τ) ' G
(1)(τ)
G(1)(0)
=
C
P
G(1)(τ) =
1
P
N
∑
i=1
e−iωiτ psi . (4.20)
Obviously, the absolute value of g(1)(τ) achieves its maximum value of 1 for τ = 0 and conse-
quently satisfies the Cauchy-Schwarz inequality (2.100).
P OW E R S P E C T R A L D E N S I T Y Experimentally available field correlation spectra at a fix po-
sition r are specified in the stationary limit by the Wiener-Khintchine theorem (2.95). Integration
over the cross-section area of the single-photon detector results in a discrete power spectrum, due
to the sum in equation (4.18). This sum is compatible with the first term of the Euler-Maclaurin
series (see appendix C), by considering equal frequency separation between adjacent modes,
∆ω =
ωN−ω1
N−1 , (4.21)
as well as assuming a finite support in the frequency band [ω1,ωN] of the spectrum and a spectral
width, σ  |ωN−ω1|, being much less than the bandwidth. Finally, we arrive at the continuous
optical power spectrum at position z,
S(ω) =
C
2pi
Re
∫ ∞
−∞
dτ eiωτG(1)(τ) =
ps(ω)
∆ω
, ps(ω) = (pc(ω)+ pt(ω)) , (4.22)
of unit W ·s. A derivation of this measure is given in appendix B.1.2. Thus, S(ω) is independent
of position and is given by a superposition of the incoherent and thermal contributions, nC(ωi)
and nT (ω). Their values can be directly extracted from the measured optical power spectrum in
figure 4.1.
As expected, the integral of the continuous optical frequency spectrum S(ω) over the total
bandwidth is exactly the total optical power, in agreement to (4.15).
4.3 S E C O N D - O R D E R C O R R E L AT I O N F U N C T I O N
Due to the experimental setup for measuring the second-order autocorrelation function of
highly broadband light sources by the help of a single two-photon detector, we have to evaluate
the temporal second-order degree of coherence (cf. equation (2.113)) in terms of time delay τ .
This physical quantity is approximately given by
g(2)(τ) '
(
C
P
)2 ∫
A
dxdy G(2)(r, t;r, t + τ). (4.23)
To evaluate the integrand, a fourth-order moment of type 〈aˆ†i aˆ†j aˆl aˆm〉 has to be determined,
which can be done by utilizing Wick’s theorem for Gaussian states (see appendix A). A detailed
derivation of g(2)(τ) can be found in appendix B.1.3. Here, we only indicate the result of the
temporal second-order correlation function of a PRAG state
g(2)(τ) = 1+ |g(1)(τ)|2−
N
∑
i=1
(
pci
P
)2
. (4.24)
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The second term in equation (4.24) has an upper and lower bound (see equation (2.100)), while
the last term takes values between 0 and 1. Therefore, g(2)(τ) is limited by 0≤ g(2)(τ) ≤ 2. In
addition, we find that this normalized correlation satisfies the inequalities
g(2)(0) ≥ g(2)(τ), g(2)(0) ≥ 1, (4.25)
in agreement to classical considerations of the ASE (cf. equation (2.131)). This central second-
order degree of coherence is an experimentally available quantity and determined by
g(2)(0) = 2− 1
N
1+ ∆
2 pc
〈〈pc〉〉2(
1+ 〈〈p
t〉〉
〈〈pc〉〉
)2 , (4.26)
with mean values 〈〈pc〉〉, 〈〈pt〉〉 and variance ∆2 pc. In case of a single-mode radiation field, N = 1,
and negligible thermal occupation number (〈〈pt〉〉 = 0), this variance vanishes, ∆2 pc = 0, and
g(2)(0) corresponds to the limiting value of 1. For infinitely large number of modes, N→ ∞, the
second term of equation (4.26) tends to zero and g(2)(0) = 2 as in the case of purely thermal
light sources.
For varying number of modes N and negligible thermal contributions, nT (ω) = 0, at room
temperature g(2)(0) shows steep trajectories for increasing values of the power ratio ∆2 pc/〈〈pc〉〉2,
leading to a considerable shift towards higher values of N (see figure 4.3).
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Figure 4.3: Central second-order degree of coherence g(2)(0) as a function of the number of
modes N for different values of the power ratio ∆2 pc/〈〈pc〉〉2 and negligible thermal
contribution, 〈〈pt〉〉= 0.
We have to point out that the photon statistics of PRAG states depends on the number of
modes N and their distributions nC(ω) and nT (ω), meaning that g(2)(0) depends on the nature
of each individual QDSLD. This is an astonishing statement, as it obviously demonstrates that
material structural composition of diodes highly influences the light character of these devices.
In the same way, varying the number of modes results in tunable photon statistics, ranging
continuously from Poissonian (g(2)(0) = 1 for N = 1) to Gaussian (g(2)(0) = 2 for N → ∞)
statistics. In experiment, this is realizable by applying optical feedback, as reducing the number
of modes N corresponds to narrowing the spectral width. This technique is utilized in a first
experiment, successfully performed by the Semiconductor optics group of W. Elsäßer at TU
Darmstadt. For the sake of completeness, we want to give a brief overview of the experimental
results to compare it with our theory and therefore to proof the validity of the chosen light state.
42 L I G H T S TAT E S O F Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S
4.4 C O M PA R I S O N W I T H A F E E D BAC K E X P E R I M E N T
A first test for proofing the quality of our chosen light state is a feedback experiment conducted
by S. Blumenstein et al.. The setup and experimental details can be found in the publications
[121, 122]. Here, we only want to summarize briefly the working principle of this feedback
technique for measuring g(2)(0) of broadband QDSLDs in terms of varying number of modes N.
The gain medium of the QDSLD under study was formed by six InAs QD layers embedded
in InGaAs quantum wells with a device length of about 3 mm. The output facets were anti-
reflection coated and slightly tilted under an angle of 5◦. The diode operated at a voltage up
to 900 mA at room temperature. For measuring the second-order correlations of the QDSLD
emission as a function of the number of modes N, they used a TPA detector. This detector was
implemented in a Michelson interferometer, in which a motorized translation stage enforces a
time delay τ , necessary to measure TPA interferograms. Using low-pass filtering, G(2)(τ) was
directly evaluated from these interferograms [29, 113]. The emitted light of the QDSLD entered
a 50 : 50 beam splitter, which generated two partial light beams. The reflected beam, striking a
mirror, achieved optical feedback back into the QDSLD system with a total feedback distance
of about 600 mm. It should be noted, that we are not interested in dynamical regions, in which
optical feedback on semiconductor emitters enables the entry of nonlinear effects or chaotic
behavior [126,127], especially they are also not included in our theory. Furthermore, only g(2)(0)
data with optical spectra showing controlled emission during the measurement process were
considered in order to eliminate disturbing optical feedback effects.
Figure 4.4 shows the normalized second-order autocorrelation function for zero time delay
g(2)(0) versus number of modes N. The blue dots with the error bars are the experimental data,
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Figure 4.4: Second-order degree of coherence g(2)(0) for varying number of modes N, measured
within the optical feedback experiment (blue dots with error bars) [122] and the-
oretically determined using equation (4.26) (red squares). The green line shows a
guide-to-the-eye fit for illustrating the decreasing tendency in the range of small N
(with kind permission of S. Blumenstein).
presented in reference [121] with number of modes N calculated from the measured spectra pci .
In particular, contributions of thermal photons nT (ω) as well as peaks below 13 dB of the
maximum power value were ignored. Otherwise, the latter would distort the statistics of the
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light state. The red squares are the theoretical values, specified by equation (4.26) for the given
experimental values of N, 〈〈pc〉〉 and ∆2 pc, to reflect experimental requirements of the coherence
transition. In addition, table 4.2 lists some theoretical and experimental values for g(2)(0) with
experimentally determined number of modes N and power ratio ∆2 pc/〈〈pc〉〉2. To avoid confusion,
N
∆2 pc
〈〈pc〉〉2 g
(2)
exp(0) g
(2)
th (0)
3 1.31 1.18 1.23
10 1.12 1.78 1.74
30 1.08 1.83 1.931
1945 0.57 1.84 1.999
Table 4.2: Experimental and theoretical values of g(2)(0) with experimentally determined param-
eters N and ∆2 pc/〈〈pc〉〉2. The number of modes N were varied by applying optical
feedback. The experimental data were kindly supplied by S. Blumenstein.
we denote the temporal second-order correlation function, determined experimentally by g(2)exp(τ)
and theoretically by g(2)th (τ).
A comparison between theory and experiment highlights an overall good agreement. For a
large number of modes, N > 1000, i.e. weak optical feedback, the QDSLD shows ultra-broadband
emission with a second-order correlation function of about g(2)th (0)≈ 1.999 in theory. From the
experimental point of view, g(2)exp(0) can not be determined within this regime simply by counting
the number of spectral peaks, due to the formation of smooth Gaussian power spectra as shown
in figure 4.1.
In the experiment, N was determined by fitting modes with spacing according to the free
spectral range in terms of angular frequency,
∆ω =
2pic0
2nGaAsL
≈ 2pi ·1.465 ·1010 Hz, nGaAs ≈ 3.41, (4.27)
representing a lower-bound estimate [122]. Within this mode regime, a second-order correlation
around g(2)exp(0) = 1.85 was measured, which reveals an appreciable deviation from the calcu-
lated value of 1.999. This discrepancy between theory and experiment is caused by technical
challenges during the measurement process (see ref. [122]) leading to experimental data lying
below the predicted theoretical values for large number of modes, N > 1000. With increasing
optical feedback, spectral peaks became more and more visible, so that N are experimentally
determined by just counting the peaks. In the range of N = 30 down to N = 15 we observe a
slight decreasing tendency of g(2)(0) both in experiment (g(2)exp(0) = 1.83 for N = 30) as well as
in theory (g(2)th (0) = 1.931 for N = 30). For N < 15 a fast transition in coherence is observable
due to a reduction of g(2)(0) from 1.8 to 1 in both theory and experiment.
Indeed, optical feedback offers a dramatic change of the statistical behavior of photons emitted
by QDSLDs. However, a coherence transition is observable even for small number of modes,
where the smooth THz-wide Gaussian character disappear. Therefore, the precision of our
theory, especially formulated for broadband QDSLD emission, has to be confirmed by a further
experiment, retaining the broadband character of emitting QDSLDs. It becomes apparent that a
mixed-light experiment, in which coherent light is superimposed with the radiation of a QDSLD,
represents an ideal candidate for this challenging examination of the PRAG state quality for
describing light emitted by these semiconductor devices.
44 L I G H T S TAT E S O F Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S
4.5 M I X I N G L I G H T F RO M T W O S O U R C E S
In this section we analyze the result of a mixed-light experiment in which light of the QDSLD
was superimposed with light from a single-mode laser of angular frequency ωk (see figure 4.5).
More details about this mixed-light experiment is given in reference [122].
source
QDSLD
SM laser
Fiber
BS
AttnIso
AttnIso
OSA
TPA
interferogram
Figure 4.5: Sketch of the setup for the mixed-light experiment [122]. The emitted radiations of
two light sources, the QDSLD and the single-mode laser (SM laser), pass through
optical isolators (Iso) and attenuators (Attn) and are subsequently superimposed in a
fiber-based beam splitter. An optical spectrum analyzer (OSA) and a TPA interferom-
eter measure the desired temporal first- and second-order correlation function of the
mixed light.
Generally, the total electric field Eˆ of a superposition of a quantized radiation field EˆQ and a
classical electric field E cl = Ecl(r, t)e with polarization e reads
Eˆ(r, t) = EˆQ(r, t)+Ecl(r, t)e = Dˆ†(Ecl(r, t))EˆQ(r, t)Dˆ(Ecl(r, t)), (4.28)
which is directly applicable the the considered mixed light experiment, where EˆQ and E cl
correspond to the emission of the QDSLD and the single-mode laser. The QDSLD light is again
specified by our PRAG state’s density operator ρˆs defined in equation (4.6) and the single-mode
laser is described by a coherent state of amplitude αk with
|αk〉= Dˆ(αk) |0〉= eαk aˆ
†
k−α∗k aˆk |0〉 . (4.29)
Therefore, the mixed-light state is given by the operator product (see appendix B)
ρˆm = Dˆ(αk)ρˆsDˆ†(αk), (4.30)
of displacement and density operator, Dˆ(αk) and ρˆs. Roughly speaking, we add the coherent
amplitude αk to the mode k as a consequence of the beam splitter causing a mixture of the two
independent radiation fields of coherent single-mode laser and highly incoherent QDSLD. First-
and second-order temporal correlation functions can be determined in an equivalent way as
shown in the previous section. Their calculations can be found in appendix B. It turns out that the
normalized field correlation g(1)(τ) as well as the total power Pm for the mixed-light state,
g(1)(τ) =
1
Pm
N
∑
i=1
e−iωiτ pmi =
C
Pm
G(1)(τ) (4.31)
with Pm =
N
∑
i=1
pmi ≡ Pl +Pc+Pt , pmi = pli + pci + pti = pli + psi , (4.32)
4.5 M I X I N G L I G H T F RO M T W O S O U R C E S 45
shows the same result as in case of pure QDSLD emission (cf. equation (4.20)), but with an
additional term, which describes the contribution of the laser field with optical power,
Pl ≡
N
∑
i=1
pli with p
l
i =
h¯ωic0
L
|αi|2δik. (4.33)
Obviously, pli of mode i = k is proportional to the square of the absolute value of the amplitude
αk, while modes i 6= k do not receive amplification by the laser source in agreement to the
assumption of purely single-mode emission. The total power is the sum over all single powers of
each mode.
P OW E R S P E C T RU M The optical spectrum, given by the Fourier transform of the first-order
autocorrelation function G(1)(τ) can again be expressed in terms of the continuous angular
frequency ω (see appendix B) by applying the Euler-Maclaurin approximation. In case of the
mixed-light state, the power spectrum1
S(ω) = Plδ (ω−ωk)+ p
s(ω)
∆ω
(4.34)
consists of three single spectral distributions, arising from the laser, the QDSLD and the thermal
photons. Figure 4.6 shows a sketch of the single contributions. Here, the optical power of the
laser light state (green) corresponds to a delta distribution at frequency ωk, the QDSLD has a
Gaussian shape (red) and thermal photons exhibit a Planck distribution (blue).
nT(ω)
nC(ω)
|αk|²δ(ω-ωk)
ω
P
(ω
)
Figure 4.6: Sketch of the spectral distribution for mixed-light. The laser shows a delta distribution
(green) and the QDSLD emission is formed by a Gaussian distribution (red) and a
thermal Planck distribution (blue).
The normalized second-order temporal autocorrelation function of the superimposed electric
field,
g(2)(τ) = 1+ |g(1)(τ)|2− P
l2+∑Ni=1 pc2i
Pm2
, (4.35)
described by the density operator in equation (4.30), depends explicitly on the square of the
absolute value of the temporal field correlation function
|g(1)(τ)|2 = 1
Pm2
[
Pl2+ |
N
∑
i=1
pci e
−iωiτ |2+ |
N
∑
i=1
ptie
−iωiτ |2 (4.36)
+ 2
N
∑
i, j=1
pcj p
t
i cos (∆i jτ)+ 2P
l
N
∑
i=1
psi cos (∆ikτ)
]
1 See also equation (B.29).
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with frequency difference ∆i j = ωi−ω j. Clearly, the last term in equation (4.36) oscillates with
beat frequency ∆ik = ωi−ωk, resulting from the frequency difference of the QDSLD mode i and
the laser frequency. This leads to the occurrence of sidebands in the spectrum and finally in the
second-order degree of coherence g(2)(τ).
S P E C I A L C A S E : S I N G L E - M O D E M I X E D - L I G H T E M I S S I O N (N = 1) It is interesting
to study the intensity correlation for the special case of a single-mode mixed-light state. Here,
the last term in equation (4.35) is equal to one and the square of the absolute value of the first-
order degree of coherence (4.36) reduces to |g(1)(τ)|= 1. Therefore, the second-order degree of
coherence of a single-mode mixed-light state is
g(2)(τ) = 1, (4.37)
in agreement to purely coherent light sources.
S P E C I A L C A S E : T H E R M A L M I X E D - L I G H T E M I S S I O N For negligible laser and QD-
SLD emission, that is we are dealing with a purely thermal light source, the last term in (4.35)
vanishes and g(2)(τ) reduces to
g(2)(τ) = 1+ |g(1)(τ)|2, (4.38)
which is the well-known Siegert relation (cf. equation (2.129)). Equation (4.38) shows a maxi-
mum value of 2 for time delay τ = 0, which provides an evidence for the occurrence of bunching
as expected.
The second-order correlation function of the mixed-light state for zero time delay is given
by
g(2)(0) = 2− P
l2+∑Ni=1 pc2i
Pm2
, (4.39)
or alternative in terms of variances and mean values using equation (4.14), (4.16) and (4.33),
g(2)(0) = 2− 1
N
1+ ∆
2 pc
〈〈pc〉〉2 +
Pl2
N〈〈pc〉〉2(
1+ 〈〈p
t〉〉
〈〈pc〉〉 +
Pl
N〈〈pc〉〉
)2 . (4.40)
The photon statistics depends on the number of modes N, as in case of pure QDSLD emission,
but is also affected by the optical power of the laser.
4.5.1 Example of a Gaussian shaped diode spectrum
Regarding the spectral shape of typical measured spectral densities, a single Gaussian spectrum
of type
pc(ω) = Pc0
ω∆ω√
2piσω¯
e−
(ω−ω¯)2
2σ2 (4.41)
with mean frequency ω¯ , standard deviation σ and frequency separation ∆ω (cf. equation (4.21))
represents obviously an interesting and informative example. The normalization constant Pc0 is
specified by the discrete summation of the powers,
Pc =
N
∑
i=1
pc(ωi) ' 1∆ω
∫ ωN
ω1
dω pc(ω) = Pc0 . (4.42)
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which is satisfied by (4.41) under the assumption of the applicability of the Euler-Maclaurin
formula. Again, we utilize that NIR photons at room temperature are negligible small so that
pt(ωi) = 0. After introducing new dimensionless variables τ˜ = στ , ˜¯ω = ω¯/σ , ∆ω˜ = ∆ω/σ
as well as δω˜k = δωk/σ = (ω¯ −ωk)/σ , we find the second-order degree of coherence for
Gaussian shaped QDSLD emission in terms of the power ratio ε
g(2)(τ˜) = 1+
e−τ˜2(1+(τ˜/ ˜¯ω)2)−η+ 2e− τ˜22 ε [cos (δω˜kτ˜)− τ˜˜¯ω sin (δω˜kτ˜)]
(1+ ε)2
, (4.43)
with
η =
∆ω˜
2
√
pi
(
1+
1
2 ˜¯ω2
)
, ε =
Pl
Pc
. (4.44)
The first term in the enumerator of equation (4.43) exhibits an exponentially decreasing behavior,
while the second term is a constant offset, which is proportional to the frequency difference ∆ω˜
and depends on the mean scaled frequency ˜¯ω . The last term in the enumerator oscillates with beat
frequency δω˜k with additional damping behavior. The red line in figure 4.7 shows the intensity
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Figure 4.7: Temporal intensity correlation as a function of dimensionless time delay τ˜ (see
equation (4.43)) for a Gaussian-shaped photon number nC(ωi) with parameters
∆ω˜ = 10−3, ˜¯ω = 100 and δω˜k = 4. The red solid line represents mixed-light with
ε = 3/2. The blue and green line show emission in absence of laser and QDSLD
light, respectively.
correlation of the mixed-light state with a power ratio ε = 3/2 and parameters ∆ω˜ = 10−3,
˜¯ω = 100 and δω˜k = 4. The blue and green line represent pure QDSLD or rather pure laser
emission.
For equal space-time events, equation (4.43) reduces to the simple expression
g(2)(0) = 2− η+ ε
2
(1+ ε)2
, (4.45)
depending significantly on the power ratio ε as well as the frequency width ∆ω and the standard
deviation σ .
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4.5.2 Comparison with experimental results
The considered QDSLD used in the mixed-light experiment consisted of a 4 mm long waveg-
uide with InAs/InGaAs dot-in-well structure. This diode possessed ten active QD layers as
well as a high reflective facet on the backside and an anti-reflection coated front facet and
produced an optical power spectrum already shown in figure 4.1 with parameters listed in ta-
ble 4.1. The coherence time was of about τc = 100 fs. For the coherent part of the mixed-light
superposition, a single-mode quantum-well ridge waveguide Fabry-Pe´rot laser with central wave-
length λ¯ =1300 nm and spectral width of b < 2pi ·1.75 ·106 Hz was used. Both light sources
operated at a constant temperature of T = 20 ◦C and constant DC-pump currents. Thus, thermal
contributions are negligible, nT (ωi) = 0.
In order to compare our theory with the experimental results in a best way, we introduce a new
variable
ζ =
Pl
Pl +Pc
=
ε
1+ ε
, (4.46)
considering the different power contribution of laser and SLD in a sense, that only values between
0 and 1 are possible, corresponding to the limiting cases of purely QDSLD (ζ = 0 for Pl = 0)
and purely single-mode (ζ = 1 for Pc = 0) emission. In addition, we utilize the definition of
mean value and variance introduced in equation (4.16) and finally we arrive at a new expression
for the normalized second-order temporal correlation function (cf. equation (4.35)) in terms of ζ ,
g(2)(τ ,ζ ) = 1+ |g(1)(τ)|2−ζ 2− 1
N
[
1+
∆2 pc
〈〈pc〉〉2
]
(1−ζ )2, (4.47)
with first-order correlation (cf. equation (4.31))
g(1)(τ) =
1
Pl +Pc
N
∑
i=1
e−iωiτ(pli + p
c
i ) =
C
Pl +Pc
G(1)(τ). (4.48)
In the following, we study g(2)(τ ,ζ ) for different values of ζ .
Figure 4.8 shows the result of the second-order correlation as a function of time delay and
the corresponding TPA counts for perfect QDSLD light with ζ = 0 (left) and for single-mode
emission with ζ = 1 (right). The blue line represents the theoretical model and the red curve
reflects the measurements. The theoretical values were calculated using equation (4.47), in which
the occurring parameters N and pci were extracted from the measured TPA interferograms in the
same way as in the feedback experiment, described in the section before. In the single-mode
emission and the broadband QDLSD emission, theory and experiment show an overall good
agreement. The broadband character of the QDSLD (ζ = 0) reproduced by the theoretical model
exhibits a maximum value of g(2)th (0,ζ = 0) = 1.999 at τ = 0. This incoherence is verified by the
experiment, which provides a value of g(2)exp(0,ζ = 0) = 1.91±0.05. A constant second-order
autocorrelation function of g(2)th (τ ,ζ = 1) = 1 predicted by theory is also confirmed by the
experimental measurement with g(2)exp(τ ,ζ = 1) = 1.01±0.04.
Figure 4.9 shows g(2)(τ ,ζ ) (top) and the corresponding TPA-interferogram (bottom) in ar-
bitrary TPA-count units for ζ = 0.6. Clearly, the interferogram reveals the mixture of the two
light sources: for τ  τc the laser emission dominates, however with reduced constructive and
destructive interference maxima, which is an apparent indication for the superposition of the
two emitters. In the regime of τ < τc, an enhanced correlation arises from the QDSLD emission
together with a modulation of the envelope. This behavior reflects again the mixing of the two
light sources. The theoretical trajectories (blue) of g(2)(τ ,ζ = 0.6) (top) show good agreement
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Figure 4.8: Temporal second-order degree of coherence g(2)(τ ,ζ ) as a function of time delay
τ (top) and the corresponding TPA interferograms in arbitrary TPA-counts units
(bottom) for purely QDSLD light ζ = 0 (left) and purely single-mode emission ζ = 1
(right). The blue lines show the theoretical and the red lines the experimental results
of g(2)(τ ,ζ ) [122].
with the experiment (red). A maximum value of g(2)exp(0,ζ = 0.6) = 1.64 at τ = 0 in the experi-
ment is measured, clearly deviating from the single emissions of the two light sources shown in
figure 4.8, but in good agreement with the theoretical prediction of g(2)th (0,ζ = 0.6) = 1.63.
Additionally, secondary maxima g(2)(±τ ,ζ = 0.6) are observable. These maxima coincide
with the spread of the central wavelength of both light sources ∆λ ≈ 64 nm, leading to a
beat frequency of τbeat = τ2 ≈ 76 fs, in which our theory reproduces the values τ2 and −τ2
as well as the corresponding second-order correlation g(2)th (±τ2,ζ = 0.6) = 1.1. Nevertheless,
small deviations between theory and experiment are visible, especially in the time regime
0 < |τ| < |τ2|, where theoretical values smaller than one, g(2)th (τ ,ζ = 0.6) < 1, are postulated,
which are experimentally not accessible due to limited resolution.
Regarding the coherence classification of light sources summarized in (2.132), the central
second-order degree of coherence should be studied in more detail in terms of the power ratio ζ ,
given by
g(2)(0,ζ ) = 2−ζ 2− 1
N
[
1+
∆2 pc
〈〈pc〉〉2
]
(1−ζ )2. (4.49)
Obviously, varying ζ between the allowed boundary values of ζ ∈ [0,1], we achieve a continuous
tunability of g(2)(0,ζ ) ranging from Gaussian (g(2)(0,ζ ) = 2) to Poissonian (g(2)(0,ζ ) = 1)
photon statistics. This prediction is experimentally confirmed, as shown in figure 4.10, where
the central second-order degree of coherence is plotted as a function of the power ratio ζ . The
red linked dots show the calculated theoretical values using equation (4.49) with experimentally
determined parameters ζ , N, ∆2 pc and 〈〈pc〉〉 (see also table 4.3).
The blue dots with the error bars are the experimental results, exhibiting values between
g(2)(0,ζ ) = 1.91 and g(2)(0,ζ ) = 1 with a parabola-like trajectory. The error bars were deter-
mined by applying standard deviation of five averaged experimental values. It should be pointed
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Figure 4.9: Temporal second-order autocorrelation function g(2)(τ ,ζ ) as a function of time delay
τ (top) and the corresponding TPA-interferogram in arbitrary units (bottom) for power
ratio ζ = 0.6 [122].
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Figure 4.10: Central second-order degree of coherence g(2)(0,ζ ) as a function of ζ [122]. The
blue dots with the arrow bars are the experimental data and the red linked dots
represents g(2)(0,ζ ) for a mixed-light state described by the density operator (4.30)
(with kind permission of S. Blumenstein).
out, that this is the first demonstration of the mixed-light phenomenon using an ultra-broadband
emitter [122]. A comparison between the red and blue dots reveals a very good agreement
especially for ζ ≥ 0.6, where the theoretical values are lying within the statistical uncertainties.
With increasing correlation or rather ζ < 0.6, deviations between theory and experiment become
apparent, caused by the same technical challenges representing a disturbing factor in the optical
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ζ N
∆2 pc
〈〈pc〉〉2 g
(2)
exp(0,ζ ) g
(2)
th (0,ζ )
0.83 ± 0.03 1990 0.83 1.28 ± 0.03 1.276
0.34 ± 0.03 1990 0.83 1.79 ± 0.04 1.862
Table 4.3: Experimental and theoretical values of g(2)(0,ζ ) for mixed-light with experimentally
determined parameters ζ , N and ∆2 pc/〈〈pc〉〉2.
feedback experiment discussed in the section before [122]. Within this ζ regime, the resulting
parabola trend lies below the trajectory of the model. Nevertheless, our model fits the experimen-
tal data remarkably well.
In summary, it was demonstrated that our chosen PRAG state is well suited to describe
ASE light emitted by a QDSLD at room temperature, as it considers the broadband spectral
character and reflects correct intensity correlations, verified by an optical feedback and mixed-
light experiment. However, a reduction of g(2)(0) at a special temperature regime around 190 K
is not captured by this ansatz, and thus not really applicable to describe the phenomenon of
hybrid coherent light. The results of the chapter also shows, that we are not able to avoid the
introduction of a detailed description of ASE generated by the semiconductor device itself on
a microscopic level. This model has to consider both, the special geometry of the device itself
and of course the influence of the gain medium on the emission process. Within this analysis, it
should be possible to reconstruct the broadband power spectrum in a straightforward way, which
is demonstrated in the following chapter.

5
M I C RO S C O P I C T H E O RY O F Q UA N T U M D OT
S U P E R L U M I N E S C E N T D I O D E S
In the last chapter we showed that the postulated quantum state, the PRAG state, describes
experimental measurements with QDSLD emission applied to optical feedback and superposi-
tions with coherent light sources in an excellent way. At least at room temperature, this model
works quite well which implicates substantial benefits for further studies. However, the fact that
a reduction of the second-order correlation function in a specific temperature regime could not
be observed within this ansatz, shows that the PRAG states are unsuitable for an explanation of
the occurrence of hybrid coherent light emission. Thus we need to study light generation inside
the semiconductor device in more detail. In this context, a field theory has to be formulated
which considers the specific geometry of the waveguide structure. Also, a realistic model of the
gain medium has to be implemented into the total QDSLD system under study. In this chapter
we present such a model of the superluminescent diode and study the amplified spontaneous
emission on a microscopic level.
Figure 5.1 shows our diode model.
Eˆ
Eˆ2,inEˆ5,in
Eˆ6,out Eˆ1,out
Eˆ1,in
z
Eˆ6,in
Eˆ4,in
Eˆ2,outEˆ5,out
0-L
Eˆ4,out
Eˆ3,in Eˆ3,out
Figure 5.1: Model of a QDSLD. Absorptive bulk material defines a rectangular waveguide, which
hosts M QDs (green dots). The tilted end facets of the QDSLD prevent reflection
back into the medium and are formally represented by beam splitters. In principle, six
discrete, external quantum channels Eˆ1≤i≤6 couple into the waveguide and interact
with the ASE field Eˆ.
A typical SLD consists of a set of layers (generally of about 6-10) which are spatially separated
by another semiconductor material. These layers do not influence each other, they only give rise
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to an even more inhomogeneously broadened gain medium visible in the optical power spectrum
(see figure 3.3). Therefore, for simplicity we only consider one layer of the gain medium. The
gain medium is composed of M QDs, which are embedded in a strongly absorptive bulk material
that defines a waveguide. This waveguide is assumed to be rectangular, which results in a linear
dispersion relation [60].
I N T R AWAV E G U I D E R A D I AT I O N Clearly, the light generated inside the diode is broadband
and must be described by a multimode electrical field [37, 51],
Eˆ(r, t) = Eˆ(+)(r, t)+ Eˆ(−)(r, t). (5.1)
For the positive frequency part we consider a superposition of waves propagating along the
z-direction,
Eˆ(+)(r, t) = Eˆ(+)(r, t)ey = ∑
{ki}
ui(r)aˆi(t)ey, (5.2)
formed by a superposition of N polarized modes
ui(r) = Ei χ(x,y)eikiz (5.3)
which factorize into a single transverse wave function χ(x,y) and longitudinal plane waves
with wave vector ki = kiez. Here, ki = 2pii/L with i ∈ [−N/2, N/2−1 ] and N/2 ∈N depends
on the length of the waveguide L. Due to the rectangular geometry of the QDSLD [123], the
field is linearly polarized. Without loss of generality, we chose a linear polarization ey in y-
direction. The transverse mode function is normalized to the cross section area of the waveguide
A =
∫
A dxdy |χ|2. If the system’s volume is V = AL, then the normalization factor of the electric
fields reads Ei = i
√
h¯ωi/2εV . There is a linear intrawaveguide dispersion relation between
frequency ω and wave number |kz|,
ω = c |kz| , c = c0/nc, (5.4)
with the speed of light c in the bulk medium of refractive index nc. This is in contrast to the
consideration of chapter 4 where we studied propagation in free space with vacuum velocity c0.
As we want to pursue a quantum theory, we need to consider bosonic amplitudes aˆi, which
satisfy the commutation relations (2.40). Due to energy conservation, a non-vanishing coupling
between left- and right-propagating modes of the same ki inside the diode system is conceivable.
However, the presence of a bulk material suppresses possible interference effects between any
field modes inside the waveguide system, in fact also between modes of the same frequency,
but with opposite propagation direction. Therefore, in good approximation we can neglect this
intrawaveguide coupling.
WAV E G U I D E G E O M E T RY Tilted end facets on the left- and right-hand side prevent back
reflections, experimentally realized by tilting the emission facets as well as using anti-reflection
coatings (cf. chapter 3). These end facets are modeled by beam splitters enclosing the active
medium. In theory, a lossless beam splitter can be considered as a device which couples a
particular set of input modes to a set of particular output modes. As shown in figure 5.2 the
beam splitter has four input and four output ports with corresponding bosonic annihilation vector
operator bˆin/out = (bˆ1,in/out, bˆ2,in/out, bˆ3,in/out, bˆ4,in/out)T being related by the S-matrix [32,128–131],
bˆout = S bˆin. (5.5)
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(R,T )
bˆ4in
bˆ1out
bˆ1in bˆ
3
out
bˆ3in
bˆ2outbˆ
2
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bˆ4out
Figure 5.2: Lossless beam splitter with four input and output ports.
S depends on the reflection and transmission amplitudes,R and T . Here, effects resulting from
polarization mismatch as well as imperfect beam collimation [131] are neglected, two important
assumptions within our quantum model of a QDSLD. A detailed deviation of the exact form of
the scattering matrix will be presented later in this chapter.
As an effective method to describe dissipation, we introduce external fields Eˆα which couple
to the inside. To be specific, six channels1 labeled by the channel number α (see figure 5.1) enter
the waveguide from the left- and right-hand side leading to damping effects of the system. For
simplicity, we assume (quasi) one-dimensional electromagnetic fields,
Eˆα(+)(r, t) = ∑
{kq}
vαq (r)bˆ
α
q (t)e
−ikαq rey, (5.6)
linearly polarized in y-direction with single modes of type 2
ναq (r) = i
√
h¯ωq
2ε0V
ςα(r). (5.7)
The transverse mode function ςα(r) is normalized to the system volume
V =
∫
d3r|ςα(r)|2 (5.8)
and the field amplitudes obey the bosonic commutation relation[
bˆαq (t), bˆ
β†
p (t)
]
= δαβδqp. (5.9)
Here, correlations between the channel fields are excluded from our theoretical considerations.
However, we permit external channel fields coupling to the inside, to excite waveguide photons
moving to both the left and right direction.
To be specific, we consider the electric field from channel 1 propagating along the z-direction
(see figure 5.1). The positive frequency part of the total channel field outside the diode is given by
Eˆ1(+)(r, t) = Eˆ1(+)in (x,y, t +
z
c0
)+ Eˆ1(+)out (x,y, t−
z
c0
), z> 0. (5.10)
Equation (5.10) states that the total electric field of channel 1 is determined by the sum of the
incoming and outgoing field, Eˆ1(+)in (x,y, t + z/c0) and Eˆ
1(+)
out (x,y, t− z/c0) in terms of advanced
and retarded time. This result is not quite obvious. A proof of this statement is given in [50] and
1 As the tilted end facets are modeled by beam splitters, we need at least six channels.
2 In practice, channels of type (5.6) can be realized when the electric fields outside the diode are immediately captured
by single-mode fibers which support linearly polarized, single modes specified by (5.7).
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summarized in appendix E. Thus, there exist two kinds of field modes; incoming and outgoing.
The former influences the dynamics of the internal system of the QDSLD by producing random
noise effects and providing an amount of energy, carried away by the outgoing modes leading
to damping effects. Therefore, we are dealing with radiation damping which is usually the case
whenever a field interpretation of the bath is possible and this is again always possible according
to reference [50]. Please note, in contrast to the ASE field inside the waveguide of the QDSLD
(see equation (5.1)), the single electromagnetic channel fields outside the diode propagate in
vacuo with dispersion relation ωi = c0|ki|. The other optical channels Eˆα of figure 5.1 can be
described in an analogous fashion, but are not required for this discussion. Nevertheless, we will
give a detailed expression for each individual channel field later in this chapter.
G A I N M E D I U M The active gain medium is formed by an ensemble of M QDs embedded in
an opaque semiconductor material. Due to their spectral properties, each dot can be modeled
by a multi-level system. In order to receive light amplification, we need to consider at least
three energy levels [18]. Each quantum dot interacts with the multimode ASE field (5.2) and is
incoherently pumped with rate R due to the injected current. As we are dealing with a solid, the
emitted light experiences a high rate of absorption loss. Therefore, the generated light which is
amplified by the dots is absorbed, profoundly. This can be modeled by coupling each transition s
of the quantum dot j to a one-dimensional reservoir,
Hˆ jb =∑
{s}
∑
{k}
h¯ω jskbˆ
j†
sk bˆ
j
sk, s ∈ {(21), (20), (10) | (mn) : |m〉 → |n〉}. (5.11)
They satisfy the bosonic commutation relation[
bˆisk(t), bˆ
j†
sk′(t)
]
= δi jδkk′ . (5.12)
As a further consequence of a high absorption coefficient of solids, interactions between QDs are
assumed to be negligible.
5.1 Q UA N T U M D OT S
Up to now, we have sketched the main ingredients for our microscopic model of a quantum dot
superluminescent diode. In the following we have to elaborate this model by having a closer look
at the quantum mechanical formulation of the gain medium and the geometry of the waveguide
structure, separately. The resulting equations of motion allow to determine emission and photon
statistical properties or rather first- and second-order moments, which will be studied in chapter 6
and 7.
Before calculating the electrical output field measured by the detector to determine first-
and second-order autocorrelation functions, we have a look at the generation and amplification
processes of light inside the gain medium of a quantum dot superluminescent diode. First we
examine the interaction of the ASE field with the gain medium inside the QDSLD system.
Figure 5.3 shows one of the quantum dot systems under consideration with energy h¯ωm of the mth
level and transition frequency ωmn = ωm−ωn between level m and n and corresponding decay
rates γmn. Here, the ASE field (5.2) acts on the transition |1〉 ↔ |2〉 leading to a broad Gaussian
power spectrum (see figure 3.3) arising from purely ground state (GS) emission. Higher-order
radiation (excited state (ES), second excited state (SES), etc.) is easily implemented within this
theoretical model by just incorporating additional levels forming the quantum dot. However,
as a first step we want to keep our theory as simple as possible and as we do not believe that
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Figure 5.3: Three-level quantum dot energy diagram with decay rates γmn (m,n ∈ {0,1,2}),
driven by the ASE radiation field with amplitudes aˆk and incoherently pumped with
rate R.
higher-order emission is a substantial, primary cause for observing hybrid coherent light, we
restrict the following discussion to three energy levels.
Due to the experimental observation of an increased decorrelation in a certain temperature
regime of g(2)(0), we assume that the radiation field need to be described quantum mechanically.
Thus, the Hamilton operator in the Schrödinger picture,
Hˆs = Hˆr + Hˆa+ Hˆint, (5.13)
is given by the Hamilton operator of the quantized N-mode ASE field,
Hˆr = ∑
{ki}
h¯ωiaˆ†i aˆi, (5.14)
the Hamilton operator of the M QDs with transition operators σˆ jmn = |m〉〈n| of the jth QD,
Hˆa =
M
∑
j=1
2
∑
i=0
h¯ω ji σˆ
j
ii , (5.15)
and their dipole interaction with the broadband light field in the rotating wave approximation,
Hˆint = −i∑
{ki}
M
∑
j=1
h¯g ji σˆ
j†
21 aˆi+ h.c.. (5.16)
The coupling constant,
g ji = −id j∗21ui(r j)ey/h¯, (5.17)
is proportional to the dipole matrix element d j21 and depends on frequency ωi
3.
It is useful to switch into a convenient interaction picture in which explicit time-dependent
terms are eliminated and in which the radiation field oscillates with a detuning ∆i of the order of
3 Generally, the dipole operator dˆ = ∑i, j di j |i〉〈 j|= ∑α qα rˆα depends on the quantized coordinates rˆα of the bound
charges qα relative to the classical center-of-mass position r0 of the QD. The dipole matrix element in position
representation is given by the integral di j = ∑α qα
∫
d3rα rαψ∗i (rα )ψ j(rα ) over all charge coordinates rα . For
electron states of definite parity, ψi(−r) = ±ψi(r), the matrix element is zero for equal parity, that is dii = 0.
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THz. Here, the interaction state |ψ(t)〉I is related with the state vector in the Schrödinger picture
|ψ(t)〉S,
|ψ(t)〉I = Uˆ†(t) |ψ(t)〉S , (5.18)
by the transformation operator
Uˆ(t) = e−iGˆt , Gˆ = ∑
{ki}
ω¯12aˆ†i aˆi +
M
∑
j=1
[
ω j0 σˆ
j
00+(ω
j
1−δω j12)σˆ j11+ω j2 σˆ j22
]
. (5.19)
Thus, the system Hamilton operator in the interaction picture reads
Hˆs = ih¯ ˙ˆU†Uˆ +Uˆ†HˆsUˆ
= ∑
{ki}
h¯∆iaˆ†i aˆi +
M
∑
j=1
h¯δω j12σˆ
j
11−∑
{ki}
M
∑
j=1
[
ih¯g ji (∆i)σˆ
j†
21 aˆi+ h.c.
]
. (5.20)
In this interaction picture, the ASE field oscillates with detuning ∆i and depends on the mean
transition frequency ω¯12 of the QDs defined by
∆i = ωi− ω¯12, ω¯12 = 1N ∑{ki}
ωi. (5.21)
Accordingly, the frequency δω j12 = ω
j
12− ω¯12 occurring in equation (5.20) represents a small
deviation of the jth quantum dot from the mean value ω¯12.
To generate light amplification, the dots are incoherently pumped. In theory, this can be
implemented by introducing a pumping rate R acting on transition |2〉→ |0〉 as shown in figure 5.3.
This represents an accurate description for the pumping mechanism inside semiconductor diodes,
receiving light amplification by applying a voltage I on the pn-junction. As already mentioned,
each driven quantum dot system inside the superluminescent diode is strongly damped due to the
surrounding semiconductor material, which can be described by a coupling to a large reservoir.
The next subsection is dedicated to this relevant aspect.
5.1.1 Pumping of quantum dots at room temperature
Dissipation processes play a significant role in the context of QDs embedded in a semiconductor
bulk material, which we have to take into account when describing light generation in QDSLDs.
For the sake of simplicity, we first consider a single quantum dot, M = 1, inside the QDSLD
driven by the ASE radiation field, specified by the Hamiltonian (5.20). Obviously, the energy
correction term in this Hamiltonian in the interaction picture, describing small deviations from
the mean frequency of several QDs vanishes in case of a single dot and equation (5.20) reduces to
Hˆs = ∑
{ki}
h¯∆iaˆ†i aˆi −∑
{ki}
[
ih¯giσˆ†21aˆi+ h.c.
]
. (5.22)
Naturally, also the index j in equation (5.20), labeling the single QD systems, becomes superflu-
ous and was therefore eliminated. In order to describe a damped, incoherently driven quantum
dot, the microscopic model has to be extended by adding an external incoherent pumping rate R
as well as coupling the small system to the environment specified by many harmonic oscillators
with Hamilton operator introduced in equation (5.11).
In general, for describing a damped quantum system, we consider a small system (S) of
operators {Sˆ, Sˆ†} with Hamilton operator HˆS, weakly coupled to a large reservoir (R) with
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a huge number of unobserved degrees of freedom, described by a Hamiltonian composed of
many harmonic oscillators (see equation (5.11)). Please note, that we are only interested in the
dynamics of the small system (S) so that the exact form of both, the environment and the coupling
constant, is not relevant. This physical problem can be studied in detail in the Schrödinger or
Heisenberg picture. The resulting equations of motion are called master equation or quantum
Langevin equation, respectively. The former describes the dynamics of the reduced density
operator of the small system whereas the quantum Langevin equations specify the time evolution
of the dynamical variables of this subsystem. Here, we concentrate on the description of damping
in the Schrödinger picture in which all operators possess at most an explicit time dependency.
A detailed derivation of the master equation is given in appendix D4. In the following we just
highlight the main assumptions and approximations necessary to achieve this density operator
equation of motion.
M A S T E R E Q UAT I O N The dynamics of a quantum system described by the temporal deriva-
tive of the density operator ρˆ is determined by the Liouville von Neumann equation,
˙ˆρ(t) = − i
h¯
[
Hˆ, ρˆ
]
, (5.23)
given by the commutator of ρˆ and the total system Hamiltonian
Hˆ= HˆS+ HˆR+ HˆI (5.24)
in the Schrödinger picture. Here, HˆS is the Hamiltonian of the small system whose interaction
is described by the system’s deexcitation and excitation operators {Sˆ†, Sˆ}5. HˆR is the reservoir
Hamilton operator and the interaction between system and environment is described by HˆI. At the
initial time t = 0, the environment, consisting of many harmonic oscillators with Hamiltonian HˆR,
is assumed to be in a stationary state and decorrelated with the small system. The coupling energy
between the system and its environment is supposed to be weak, so that the system’s action
on the dynamics of the environment is negligible. The state of the total system approximately
factorizes into a tensor product of the time-dependent system’s density operator and the stationary
density operator of the reservoir (Born approximation). Taking the trace over the reservoir
degrees of freedom and applying the iteration method to the Liouville equation results in an
integro-differential equation for the reduced system’s density operator ρˆS(t) = TrR{ρˆ(t)}. The
time scales over which the correlation functions of the environment decay, are assumed to be
much smaller than the evolution time scales of the system. The environment loses its memory
on time scales larger than the correlation time of the reservoir fluctuations. Within the Markov
approximation reservoir correlation functions are replaceable by delta distributions. Taking into
account all mentioned assumptions and approximations we end up in a master equation for the
density matrix of the open system in Lindblad form [132]
d
dt
ρˆS(t) = (LS+LR)ρˆS(t). (5.25)
4 The derivation of the master equation in appendix D considers a continuum version of the reservoir Hamiltonian
(5.11). A formulation in terms of discrete modes is analogous.
5 E.g. the operators Sˆ, Sˆ† could be annihilation and creation operators of a cavity mode or the excitation and deexcitation
operators of a two-level system.
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Here, the system Liouville operator LS ρˆS(t) = − ih¯
[
HˆS, ρˆS
]
, describes the unperturbed system
and the damping Liouvillian,
LR ρˆS(t) =Γ( N¯(0)︸ ︷︷ ︸
stim. emission
+ 1︸︷︷︸
spon. emission
)(2SˆρˆS(t)Sˆ†− Sˆ†SˆρˆS(t)− ρˆS(t)Sˆ†Sˆ)
+ ΓN¯(0)︸ ︷︷ ︸
stim. absoption
(2Sˆ†ρˆS(t)Sˆ− SˆSˆ†ρˆS(t)− ρˆS(t)SˆSˆ†)
− i[δω Sˆ†Sˆ+ δωth [Sˆ†, Sˆ] , ρˆS(t)] , δωth =P ∫ d∆ |W (∆)|2N¯(∆)/∆,
(5.26)
considers the coupling between environment and system, leading to dissipation captured by
a relaxation rate Γ, energy shift δω as well as thermal energy shift δωth depending on the
thermal occupation number N¯(∆). The first term in the damping Liouvillian (cf. equation (5.26))
characterizes spontaneous and stimulated emission whereas the second one specifies stimulated
absorption processes. The last term includes the mentioned energy shifts which can be eliminated
by appropriate renormalization.
More generally, for a set of system operators {Sˆi, Sˆ†i } the master equation is extendable by
summing over all these system operators with corresponding damping rates Γi and occupation
numbers N¯i. For adaptable renormalization of the energy shifts, the multicomponent master
equation for the reduced density operator reads
d
dt
ρˆS(t) =− ih¯
[
HˆS, ρˆS
]
+∑
i
Γi(N¯i+ 1)(2Sˆi ρˆS(t)Sˆ
†
i − Sˆ†i Sˆi ρˆS(t)− ρˆS(t)Sˆ†i Sˆi )
+∑
i
ΓiN¯i(2Sˆ†i ρˆS(t)Sˆi − ρˆS(t)Sˆi Sˆ†i − Sˆi Sˆ†i ρˆS(t)).
(5.27)
This important equation of motion for the system’s density operator ρˆS can be directly applied to
our problem of a single quantum dot embedded in the isolated semiconductor waveguide depicted
in figure 5.1. What we find is nothing else but Bloch equations, characterizing the temporal
dynamics of the quantum dot populations and coherences which will be explicitly demonstrated
in the next section.
5.1.2 Response, gain and inversion of a quantum dot at room temperature
Regarding the results of the two mentioned experiments in chapter 4 performed at room
temperature, the temporal autocorrelation properties in first- and second-order of QDSLDs
are very similar to usual diodes, showing broad Gaussian shaped spectral densities as well as
incoherent photon statistics with a central second-order correlation function of approximately 2.
Thus, at a first glance it does not seem to be necessary to treat the ASE light field quantum
mechanically. In order to analyze optimal response and gain of a driven single quantum dot with
classical center-of-mass position r0 in the diode system at room temperature, we first investigate
a single-mode, time-harmonic ASE field with space dependent amplitude E(r) and angular
frequency ω
E(r, t) = E(r)e−iωt + c.c.. (5.28)
Please remember, usual atoms moving with a certain velocity induce a Doppler-shift in the
classical single-mode field frequency. However, a QD is a static system and the dependency of
the position variable in the general expression of field amplitude in (5.28) can be eliminated.
Thus, E(r) only depends on the constant center-of-mass position r0 of the considered QD,
E(r) = E(r0).
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The total Hamilton operator of this three-level system interacting with a classical light field in
rotating wave approximation is given by
Hˆcl =
2
∑
i=0
h¯ωiσˆii− h¯Ωe−iωt σˆ†21− h¯Ω∗eiωt σˆ21. (5.29)
Here, we introduced the characteristic physical quantity known as Rabi frequency,
Ω(r0) =
d∗21E(r0)
h¯
, (5.30)
depending on the dipole matrix element d21 and the field amplitude E(r0) at the QD’s posi-
tion r0. Again, we switch into a suitable interaction picture according to equation (5.18) with
transformation operator
Uˆ(t) = e−iGˆt , Gˆ = h¯ω0σˆ00+ h¯(ω1+∆)σˆ11+ h¯ω2σˆ22, ∆ = ω−ω12. (5.31)
Thus, the Hamiltonian in this interaction picture oscillating with frequency detuning ∆ is deter-
mined by
Hˆcl(t) = −h¯∆σˆ11(t)− h¯Ω∗σˆ21(t)− h¯Ωσˆ†21(t). (5.32)
Applying the multicomponent master equation (5.27), we find the equation of motion for the re-
duced density operator considering coherent evolution of the system described by the commutator
of the density operator with the system Hamiltonian (5.32) and irreversible damping effects. The
sum in equation (5.27) extends over all possible quantum dot transitions i ∈ {(21), (20), (10)}
with system operators corresponding to the quantum dot lowering operators, Sˆi = σˆi. Introducing
an incoherent pumping rate [133–135] R= γ20N¯20 proportional to the photon number N¯20, we find
optical Bloch equations [51] for a driven quantum dot interacting with a single-mode classical
radiation field
ρ˙00(t) = −2(R+ γ20+ γ10)ρ00+ 2Rρ22, (5.33)
ρ˙11(t) = −iΩ∗ρ12+ iΩρ11−2γ21ρ11+ 2γ10ρ00, (5.34)
ρ˙22(t) = −2Rρ22+ iΩ∗ρ12− iΩρ21+ 2γ21ρ11+ 2(R+ γ20)ρ00, (5.35)
ρ˙10(t) = (i∆− γ21−R− γ20− γ10)ρ10+ iΩρ20, (5.36)
ρ˙12(t) = (i∆− γ21−R)ρ12+ iΩ(ρ22−ρ11), (5.37)
ρ˙20(t) = −(2R+ γ20+ γ10)ρ20+ iΩ∗ρ10, (5.38)
with ρi j = 〈i| ρˆS | j〉, ρi j = ρ∗ji, γi j = γ ji and vanishing thermal occupation numbers, N¯21 = N¯10 = 0.
Figure 5.4 visualizes the time evolution of the populations for a QD system initially in its ground
state with zero coherences (ρ22(0) = 1, ρ00(0) = ρ11(0) = 0 and ρi j(0) = 0 with i 6= j).
The quantum dot is incoherently pumped with rate R= 5γ21, driven by a single-mode radiation
field of Rabi frequency Ω = γ21 and zero detuning, ∆ = 0. The damping rate from the highest to
the lowest state in both cases is assumed to be negligibly small, γ20 = 0. In figure 5.4 (left) we
have chosen an upper decay rate of γ10 = 0.1γ21. The ground state population indeed decreases
but is always higher than the population for the upper energy states, that is no inversion between
level |1〉 and |2〉 (w = ρ11−ρ22 < 0) or no amplification of the system is observable, respectively.
For γ10 = 10γ21 depicted in figure 5.4 (right), the population of the ground state decreases much
faster. Furthermore, for γ21t > 0.14 the ground state population is below the population of the
intermediate level |1〉, that is inversion (w> 0) arises.
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Figure 5.4: Time evolution of the populations from a single QD initially in its ground state,
incoherently pumped with R = 5γ21, driven by a single-mode radiation field of Rabi
frequency Ω = γ21 and zero detuning, ∆ = 0, as well as a radiation damping γ20 = 0.
Different damping rates of the upper transition exhibit negative inversion between
level |1〉 and |2〉 (w = ρ11−ρ22 < 0) for γ10 = 0.1γ21 (left) and positive inversion
(w = ρ11−ρ22 > 0) for γ10 = 10γ21 (right).
The polarization density P, that is the number of dipole moment per unit volume, induced by
the external electric field (5.28) is given by the expectation value of the dipole operator dˆ times
the quantum dot densityN [136],
P =N Tr{dˆρˆS}. (5.39)
On the other hand, in case of an isotropic medium and linear response [137,138], the polarization
density is related with the electric field via
P(ω) = ε0χ (1)(ω)E(ω), (5.40)
which defines a linear susceptibility χ (1). In terms of the QD off-diagonal element of the density
matrix ρ21, the susceptibility reads
χ (1) = χ ′+ iχ ′′ =
N |d21|2
h¯ε0Ω
ρ21 =
1
α
ρ21, α =
h¯ε0Ω
N |d21|2
. (5.41)
The real part χ ′ describes the dispersion whereas the imaginary part χ ′′ characterizes loss (for
χ ′′ > 0) or rather gain (for χ ′′ < 0) depending on the sign of χ ′′. Figure 5.5 shows the stationary,
real (blue dashed line) and imaginary (red solid line) part of ρ21 as a function of scaled frequency
detuning ∆/γ21 for R = 5γ21, Ω = γ21 and γ20 = 0. Again, we have chosen the upper decay
rates γ10 = 0.1γ21 (left) and γ10 = 10γ21 (right). The red curve progression in figure 5.5 (left)
reveals a negative Lorentzian shaped imaginary ρ21 for varying detuning, an indication for an
absorbing system in contrast to figure 5.5 (right), where positive Im(ρ21) assures amplification
of the radiation field propagating in the medium under consideration. At zero detuning, the
absorption (left) and amplification (right) reach their minimum and maximum value, respectively,
whereas the dispersion simultaneously vanishes.
For modeling a QDSLD, the single QD system embedded in a bulk medium of high refractive
index has to be extended to a many-body system consisting of a huge set of slightly different
QDs randomized in the waveguide. Therefore, these nano-structures have to be treated as being
distinguishable and located at different positions. The results of a driven quantum dot system can
be directly picked up by just summarizing over all M QDs. The assumption of absent correlations
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Figure 5.5: Real (blue dashed line) and imaginary (red solid line) part of ρ21 as a function
of scaled detuning ∆/γ21 for a three-level quantum dot incoherently pumped with
rate R = 5γ21, driven by a single-mode radiation field of Rabi frequency Ω = γ21
with damping rates γ20 = 0. The case γ10 = 0.1γ21 shows absorption (left) whereas
γ10 = 10γ21 corresponds to an amplified system (right).
between the dots strongly simplifies further investigations. However, as already mentioned before,
we suppose that quantum effects cause the observed coherence in the second-order correlation.
Therefore, we have to replace the classical single-mode field by a multimode quantized radiation
field in the sense of equation (5.1). However, as this is again straightforward we will directly
implement this assumption to the total superluminescent diode model including all mentioned
important device characteristics like e.g. the geometry of the output facets considered in the
following.
5.2 WAV E G U I D E G E O M E T RY
A broadband emission spectrum observable for quantum dot superluminescent diodes orig-
inates not only from distinguishable, inhomogeneous broadened QDs, but also from a special
structure of the waveguide. Here, the output facets are slightly tilted and anti-reflection coated
in order to suppress the formation of longitudinal modes. As motivated before, this geometrical
feature can be modeled by two beam splitters enclosing the active medium. In the following, this
beam splitter configuration will be discussed in detail. Subsequently, we consider the emission of
the empty superluminescent diode meaning that any quantum dot or similar gain medium as well
as any intrawaveguide absorption losses are absent.
5.2.1 Empty superluminescent diode
We investigate the output field of an empty superluminescent diode under consideration of
the facet geometry measured by a single photon detector located at the right-hand side of the
diode. Figure 5.6 illustrates the empty diode with the two beam splitters modeling the output
facets. The electrical fields Eˆα(r, t) of amplitudes bˆαi,in and
ˆ˜bαi,out striking these facets from the
left- and right-hand side are enumerated by the channel number α = 1, ...,8. They interact with
an N-mode electric field of amplitudes aˆi inside a virtual cavity.
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Figure 5.6: Sketch of the field channels Eˆα(r, t) of amplitudes bˆαi,in and
ˆ˜bαi,out (α = 1, ...,8) which
strike the output facets of the QDSLD from the left- and right-hand side and interact
with a multimode field of amplitude aˆi inside.
C A S C A D E D S Y S T E M As an important simplification, we subdivide the tilted device in
figure 5.6 into three separable physical regimes (see figure 5.7): beam splitter (system I), virtual
cavity (system II) and beam splitter (system III), which corresponds to a so called cascaded sys-
tem, a standard tool in signal theory, that was introduced to the quantum world by C. W. Gardiner
and P. Zoller [139] in the context of quantum communications [50, 140]. A similar formalism
was developed by H. J. Carmichael [141] as well as M. I. Kolobov and I. V. Sokolov [142].
System II
System I System III
bˆIout = bˆ
II
in bˆ
II
out = bˆ
III
in
bˆIin = bˆ
II
out bˆ
II
in = bˆ
III
out
Figure 5.7: QDSLD model represented as a cascaded system composed of three subsystems, two
beam splitters (system I and system III) and a cavity (system II). For negligible prop-
agation times between the subsystems, the output of one system is instantaneously
the input of the subsequent system.
In general, the output of one system I is the input of the second system II shifted by time
delay τ (the same holds for the output of system II being the input of system III) according to
bˆIIin(t) = bˆ
I
out(t− τ) ≈ bˆIout(t), for τ → 0+, (5.42)
bˆIIIin (t) = bˆ
II
out(t− τ) ≈ bˆIIout(t), for τ → 0+. (5.43)
Please note, in our simplified empty diode model, the reverse scenario is also admissible, that is
bˆIIin(t) = bˆ
III
out(t− τ) ≈ bˆIout(t), for τ → 0+, (5.44)
bˆIin(t) = bˆ
II
out(t− τ) ≈ bˆIIout(t), for τ → 0+, (5.45)
in contrast to [50]. Figure 5.7 sketches the cascaded quantum system for the case of negligible
propagation time τ between the single systems.
Two sub-systems are given by beam splitters, which couple the external field modes to the
inside with corresponding coupling constants κ˜ l and κ˜r. The output fields of the beam splitters
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with amplitudes ˆ˜b6i,out and
ˆ˜b1i,out interact with radiation field Eˆ of amplitudes aˆi (see equations (5.1)-
(5.2)), which in turn propagates inside a virtual cavity with coupling strength κ l and κr. Both
mirrors of this cavity are assumed to be semi-transparent and satisfy frequency conservation so
that every photon striking the mirrors is reflected and transmitted without changing the absolute
value of the wave vector. With respect to the entire QDSLD model including gain and absorption
processes, we disregard any coupling between left- and right-propagating internal modes of the
same ki. As already mentioned, this assumption is quite appropriate in presence of a bulk material
suppressing any interference effects between field modes. Nevertheless, we allow that external
radiation fields which couple into the cavity from the left- and right-hand side respectively, excite
cavity photons moving forwards and backwards. At first glance, it seems to be unnecessary to
introduce a virtual cavity instead of a dielectric slab, especially in the context of the existent mode
suppression caused by the special end facet’s geometry modeled by beam splitters. However,
regarding the phenomenon of hybrid coherent light highlighting an increasing coherence in terms
of the second-order correlation at a particular temperature regime, the choice of a fictitious cavity
is reasonable.
In addition, the mentioned spatial separation between the cavity and the output facets does not
exist in reality. It is rather a simplification by separating it into a set of simple problems. This
means that the spatial distances between the beam splitters and the fictive cavity and therefore
the free propagation time from the first system to the second one and so on is equal to zero.
Therefore, the output fields of the enclosing systems propagating in cavity direction parallel to
the z-axis, coincide with the input fields of the cavity system and no time delay is observable in
agreement to the approximation made in equation (5.42). Regarding the chosen notation used in
figure 5.6, this predication implies the equivalence of the field amplitudes
ˆ˜b6i,out(t) = bˆ
l
i,in(t),
ˆ˜b1i,out(t) = bˆ
r
i,in(t),
bˆli,out(t) = bˆ
8
i,in(t),
bˆri,out(t) = bˆ
7
i,in(t).
(5.46)
W E L L R E S O LV E D L I N E S Before formulating the total Hamilton operator of the cascaded
system we first make some restrictions with regard to the coupling of the external fields with
the internal one. Each of the many modes of the ASE field is assumed to couple only to a
certain range of frequencies, so-called coupling bandwidth [139], from each field outside without
overlapping with neighboring frequency ranges. Figure 5.8 illustrates this hypothesis.
ω4ω3ω2ω1
ωi
κβiq
Figure 5.8: Sketch of the mode coupling constant κβiq as a function of ωi. The ASE field modes
couple only to a certain range of frequencies outside without overlapping with
neighboring frequency ranges.
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In atomic spectroscopy this corresponds to a spectrum of many well resolved lines. Therefore,
the external fields which couple to the ith ASE modes, consist of a unique set of modes bˆαiq(t)
with frequencies ωq,
q ∈Mαi , Mαi = {q(ki) ∈Z : qαmin(ki) ≤ q(ki) ≤ qαmax(ki)},
centering around the frequency ωi of field mode i. They are very close to each other, so that each
bath separately consists of many harmonic oscillators. To be specific, we specify the set of modes
which couple an ASE mode i to bˆαiq(t), q ∈ Mαi , and which satisfy the bosonic commutation
relation [
bˆαiq(t), bˆ
β†
jp (t)
]
= δαβδqpδi j. (5.47)
H A M I LT O N O P E R AT O R O F T H E E M P T Y D I O D E S Y S T E M The total Hamiltonian of
the three-component system in the Heisenberg picture,
Hˆ = Hˆr+ HˆB+ HˆI+ Hˆb+ Hˆlr+ Hˆi, (5.48)
is given by the field Hamiltonian of the intra-cavity field,
Hˆr = ∑
{ki}
h¯ωiaˆ†i aˆi , (5.49)
the Hamiltonian of the external reservoirs corresponding to each channel α ,
HˆB =
8
∑
α=1
HˆαB , Hˆ
α
B = ∑
{ki}
∑
q∈Mαi
h¯ωqbˆα†iq bˆ
α
iq, (5.50)
and the interaction Hamiltonian of the channel fields at the position of the beam splitters given by
HˆI = ih¯∑
{ki}
(
∑
q∈M5i
κ˜ liqbˆ
5†
iq bˆ
8
iq+ ∑
q∈M4i
κ˜ liqbˆ
4†
iq bˆ
6
iq+ ∑
q∈M1i
κ˜riqbˆ
1†
iq bˆ
2
iq+ ∑
q∈M3i
κ˜riqbˆ
3†
iq bˆ
7
iq
)
+ h.c. (5.51)
with coupling strength κ˜βiq, (β ∈ {l,r}). The Hamiltonian of the reservoirs, which couple into the
virtual cavity system from the outside on the left- and right-hand side reads
Hˆb = ∑
β∈{l,r}
∑
{ki}
∑
q∈Mβi
h¯(ωq+ ξiq)bˆ
β†
iq bˆ
β
iq. (5.52)
Here, we introduced a common energy shift ξiq. Additionally, we permit the interaction between
the left and right channel of coupling strength ηiq according to
Hˆlr = ih¯∑
{ki}
∑
q∈Mi
ηiqbˆl†iq bˆ
r
iq+ h.c., Mi = M
β
i , β ∈ {l,r}. (5.53)
As we will see later, this term is essential for a correct characterization of the empty diode system
as it gives rise to an input-output relation which is consistent with the relation derived from the
corresponding boundary value problem.
The interaction of the external fields with the virtual cavity radiation field is captured by the
Hamilton operator,
Hˆi = ih¯∑
{ki}
∑
β∈{l,r}
∑
q∈Mβi
κβiqbˆ
β†
iq aˆi+ h.c., κ
β
iq = |κβiq|eiφ
β
i , (5.54)
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depending on the coupling constant κβiq sketched in figure 5.8. It characterizes the coupling
strength between the multimode inside ASE field and the external electrical field channels which
couple into the waveguide from the left- and the right-hand side 6. Please remember that we
permit a conversion of photons of the same frequency propagating in opposite direction inside
the bulk medium.
The three sub-systems forming the cascaded system can be discussed separately. In the
following section we formulate a quantum description of a single beam splitter first. Subsequently,
the theory will be extended to the total beam splitter system, composed of system I and III (cf.
figure 5.7). System II corresponds to a two-sided open virtual cavity, which will be investigated in
detail. The subsection ends with an evaluation of the entire cascaded system depicted in figure 5.7
resulting into a complete theory of the QDSLD waveguide.
5.2.2 Output coupling through tilted end facets
At the beginning of section 5 we directly specified the result of the output vector amplitude bˆout
of a single beam splitter which is given by the S-matrix applied to the input vector operator bˆin,
that is (cf. equation (5.5))
bˆout = S bˆin. (5.55)
The entries of the matrix are given by reflection and transmission amplitudes,R and T , which
is easily verified by simple considerations regarding the propagation of the single channel ports.
However, with this more heuristic method for finding a relation between the input and output
channels, we can not make any statement about the exact form of the reflection and transmission
amplitudes especially not in terms of coupling strengths between two different channels at the
position of the beam splitter. Therefore, in this chapter we study the coupling of external channel
fields to a single beam splitter system first, that is relevant to model tilted facets of QDSLDs
introduced before. Subsequently, we directly specify the entire beam splitter system, composed
of system I and III in figure 5.7.
S I N G L E E N D FAC E T We consider a single beam splitter depicted in figure 5.9 located at
position r = (x,y,z = 0)T with four inputs and four outputs.
The channel fields,
Eˆα(+)(r, t) = ∑
q∈Mα
vαq (r)bˆ
α
q (t)e
−ikαq rey, α ∈ {1,2,3,4}, (5.56)
compose of q ∈Mα modes with mode function specified in (5.7). Here, Mα labels a set of modes
with wave vectors
kαq =
{
kqez, α = 1,3
kqex, α = 2,4
, kq =
2piq
L
, q ∈Z, (5.57)
in which kq depends on the system length L. Please note, kq can take both positive and negative val-
ues. The wave number |kq| obeys the linear dispersion relation, |kq|= ωq/c0 (cf. equation (5.4)),
with vacuum speed of light c0. As already introduced at the beginning of this chapter, we claim
that the radiation channel fields are again linear polarized in y-direction and satisfy Maxwell’s
equations with corresponding periodic boundary conditions. The transverse wave functions
ςα(r) =
{
ς(x,y), α = 1,3
ς(y,z), α = 2,4
(5.58)
6 Note, that we have replaced necessary boundary conditions for describing the physical problem by effective interac-
tions, a well established method in quantum field theory.
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Figure 5.9: Sketch of a lossless beam splitter with four inputs and four outputs.
are normalized to the system volume V (cf. equation (5.8)) and the annihilation and creation
operators bˆαq and bˆ
α†
q satisfy the bosonic commutation relation (5.9).
In general, a beam splitter couples a particular input field mode to a particular output mode.
Thus, the Hamilton operator of this system is given by
Hˆ =
4
∑
α=1
∑
q∈Mα
h¯ωqbˆα†q bˆ
α
q + ih¯ ∑
q∈MI
κ˜qbˆ1†q bˆ
2
q+ h.c.+ ih¯ ∑
q∈MII
κ˜qbˆ3†q bˆ
4
q+ h.c.. (5.59)
Due to energy conservation, we required M1 = M2 ≡MI and M3 = M4 ≡MII .
The Heisenberg equations of motion for the channel field’s amplitudes,
˙ˆb1q = −
i
h¯
[
bˆ1q, Hˆ
]
= −iωqbˆ1q+ κ˜qbˆ2q, (5.60)
˙ˆb2q = −
i
h¯
[
bˆ2q, Hˆ
]
= −iωqbˆ2q− κ˜∗q bˆ1q, (5.61)
˙ˆb3q = −
i
h¯
[
bˆ3q, Hˆ
]
= −iωqbˆ3q+ κ˜qbˆ4q, (5.62)
˙ˆb4q = −
i
h¯
[
bˆ4q, Hˆ
]
= −iωqbˆ4q− κ˜∗q bˆ3q, (5.63)
are given by their free evolution with oscillation frequency ωq and their interaction with the
corresponding channel field at the same side of the beam splitter system with coupling strength
κ˜q = |κ˜q|eiφ˜q . The solutions of this coupled equation system in terms of initial and final time,
t0 < t and t f > t, are given by
bˆq(t) = e−iωq(t−t0)Sq(t− t0)bˆq(t0), (5.64)
bˆq(t) = e−iωq(t−t f )Sq(t− t f )bˆq(t f ), (5.65)
with the vector operator bˆq = (bˆ1q, bˆ2q, bˆ3q, bˆ4q)T and the time-dependent, unitary matrix
Sq(τ) =

Tq Rq 0 0
−R∗q Tq 0 0
0 0 Tq Rq
0 0 −R∗q Tq
 (5.66)
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with matrix elements
Rq(τ) = eiφ˜q sin(|κ˜q|τ), Tq(τ) = cos(|κ˜q|τ). (5.67)
Please note, a sharply localized coupling constant in space results in an approximately flat
frequency independent coupling strength which is valid for Markovian systems. Therefore,
we make the approximation κ˜(ωq) ≈ κ˜ , so that Sq is independent of frequency ωq, that is
Sq(t) ≈ S(t).
Next, we define input and output operators in terms of initial and final time respectively,
bˆαin(t) =
√
∆ν ∑
q∈Mα
e−iωq(t−t0)bˆαq (t0), (5.68)
ˆ˜bαout(t) =
√
∆ν ∑
q∈Mα
e−iωq(t−t f )bˆαq (t f ), ∆ν =
∆ω
2pi
, (5.69)
with equally spaced frequency interval ∆ω = ωi+1−ωi. They satisfy the commutation relation[
bˆαin(t), bˆ
β†
in (t
′)
]
= ∆ν ∑
q∈Mα
∑
p∈Mβ
e−iωq(t−t0)eiωp(t
′−t0)
[
bˆαq (t0), bˆ
β†
p (t0)
]
= δαβδqp∆ν ∑
q∈Mα
e−iωq(t−t
′).
(5.70)
In the continuum limit, ∆ω → 0, the sum approaches a delta distribution
lim
∆ω→0
∆ω
2pi ∑q∈Mα
e−iωq(t−t
′) = δ (t− t ′). (5.71)
Therefore, we find the central commutation relation of the input noise[
bˆαin(t), bˆ
β†
in (t
′)
]
= δαβδ (t− t ′) . (5.72)
The same holds for the output amplitudes ˆ˜bαi,out. Obviously, the field amplitudes have the di-
mension of s−1/2 in contrast to the dimensionless field operators bˆαq (t) (cf. commutation rela-
tion (5.9)). Equating the right-hand side of equation (5.64) and (5.65), summing both sides over
all modes q, multiplying by
√
∆ν and finally utilizing the unitarity of the matrix (5.66), we find
a relation between the input and output operators
bˆout(t) = S(t f − t0) bˆin(t) , (5.73)
with bˆin = (bˆ1in, bˆ
2
in, bˆ
3
in, bˆ
4
in)
T and bˆout = (bˆ1out, bˆ2out, bˆ3out, bˆ4out)T ≡ ( ˆ˜b3out, ˆ˜b4out, ˆ˜b1out, ˆ˜b2out)T . Please
note, to allow for the concept of channel fields in analogy to scattering theory, in which the total
electromagnetic field of each channel is given by in- and outgoing electromagnetic fields with
opposite propagation direction in the sense of figure 5.10, we applied an appropriate permutation
of the output vector operator.
U N I TA RY S - M AT R I X Equation (5.73) shows that the input and output operators are con-
nected by the S-matrix, (cf. equation (5.66))
S≡ lim
t f−t0→∞
κ˜→0
κ˜(t f−t0)=const.
S(t f − t0) =

0 0 T R
0 0 −R∗ T
T R 0 0
−R∗ T 0 0
 (5.74)
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bˆ2out
(R,T )
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3
out
bˆ2in
bˆ4out
Figure 5.10: Sketch of a lossless beam splitter with corresponding channel field notation.
which only depends on the constant time delay between the final and initial time, t f − t0. Its
important characteristics of unitary,
SS† = S†S = 1, (5.75)
is synonymous to energy conservation [143]. In analogy to scattering theory, we can interpret the
matrix elementsR and T as reflection and transmission amplitudes, respectively. In the limiting
case t f − t0→ ∞ and |κ˜| → 0, reflection and transmission amplitudes remain constant as well,
R = eiφ˜ sin(|κ˜|(t f − t0)) = const., T = cos(|κ˜|(t f − t0)) = const.. (5.76)
The sum of reflection and transmission coefficients is constant with |T |2+ |R|2 = 1 in agreement
with classical considerations of a lossless beam splitter system. In case of a symmetric beam
splitter, φ˜ = pi/2, we find thatR∗T +RT ∗ = 0.
S P E C I A L C A S E : VA N I S H I N G E FF E C T I V E I N T E R AC T I O N For zero coupling κ˜ = 0
between the input and output ports of the single end facet and finite constant time delay t f − t0,
lim
κ˜→0
R(t f − t0) = 0, lim
κ˜→0
T (t f − t0) = 1, (5.77)
no reflecting part of the input field emerges and the transmittance reaches its maximum value.
Thus, in this special case of vanishing coupling the beam splitter becomes transparent and the
output is exactly the input, that is ˆ˜bαout(t) = bˆαin(t).
As an example, we consider the channel α = 3 (cf. figure 5.10) outside the diode system
for z > 0. This field is a superposition of the input and the output electric fields with positive
frequency part
Eˆ3(+) (x,y,z, t) = Eˆ3(+)in
(
x,y, t +
z
c0
)
+ Eˆ3(+)out
(
x,y, t− z
c0
)
, z> 0. (5.78)
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The input and output electric fields are given by
Eˆ3(+)in
(
x,y, t +
z
c0
)
= ∑
q∈M3
v3q(r)bˆ
3
q(t0)e
−iωq(t+ zc0−t0)ey, (5.79)
Eˆ3(+)out
(
x,y, t− z
c0
)
= ∑
q∈M3
v3q(r)bˆ
3
q(t f )e
−iωq(t− zc0−t f )ey. (5.80)
As we want to assume that the reservoir frequencies are centered around a single frequency ω ,
which is justified for Markovian systems, we can replace these frequencies ωq in the exponents
of (5.79)-(5.80) by the central frequency ω , that is ωq ≈ ω . Therefore, the mode functions vαq (r)
(see equation (5.7)) become equal for all modes according to
vαq (r) = i
√
h¯ωq
2ε0V
ςα(r) ≈ ∆ν− 12 v˜α(r) with v˜α(r) = i
√
h¯ωpi
ε0V∆ω
ςα(r). (5.81)
This approximation allows to express the input- and output fields (5.79)-(5.80) in terms of the
input- and output operators defined in equations (5.68)-(5.69). We find for the channel 3
Eˆ3(+)in
(
x,y, t +
z
c0
)
≈ v˜3(r) bˆ3in
(
t +
z
c0
)
ey, (5.82)
Eˆ3(+)out
(
x,y, t− z
c0
)
≈ v˜3(r)bˆ3out
(
t− z
c0
)
ey. (5.83)
Analogously, we can determine the other channel fields of the four port beam splitter,
Eˆ1(+) (x,y,z, t) = Eˆ1(+)in
(
x,y, t− z
c0
)
+ Eˆ1(+)out
(
x,y, t +
z
c0
)
, z< 0, (5.84)
Eˆ2(+) (x,y,z, t) = Eˆ2(+)in
(
y,z, t− x
c0
)
+ Eˆ2(+)out
(
y,z, t +
x
c0
)
, x< 0, (5.85)
Eˆ4(+) (x,y,z, t) = Eˆ4(+)in
(
y,z, t +
x
c0
)
+ Eˆ4(+)out
(
y,z, t− x
c0
)
, x> 0. (5.86)
B E A M S P L I T T E R C O N FI G U R AT I O N O F T H E WAV E G U I D E The general considerations
of the input and output ports of a single beam splitter can be directly extended to the beam splitter
system enclosing the virtual cavity (system I plus system III) depicted in figure 5.6. This system
is described by the Hamiltonian (5.51) 7. Here, the set of coupled Heisenberg equations of motion
for all mode amplitudes is given by
d
dt
bˆq = Aqbˆq, Aq =

−iωq κ˜rq 0 0 0 0 0 0
−κ˜r∗q −iωq 0 0 0 0 0 0
0 0 −iωq 0 0 0 κ˜rq 0
0 0 0 −iωq 0 κ˜ lq 0 0
0 0 0 0 −iωq 0 0 κ˜ lq
0 0 0 −κ˜ l∗q 0 −iωq 0 0
0 0 −κ˜r∗q 0 0 0 −iωq 0
0 0 0 0 −κ˜ l∗q 0 0 −iωq

,
(5.87)
7 Please note, that we only consider the waveguide’s facet geometry in absent of a virtual cavity. Therefore, we skip the
index i enumerating the single intracavity modes.
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with Aq = −A†q, bˆq = (bˆ1q, bˆ2q, bˆ3q, bˆ4q, bˆ5q, bˆ6q, bˆ7q, bˆ8q)T as well as coupling strengths κ˜βq = |κ˜βq |eiφ˜
β
q ,
β ∈ {l,r}. In analogy to the study of the single beam splitter, we can determine the solution of
equation (5.87) in terms of initial time t0 < t and in terms of final time t f > t according to
bˆq(t) = e−iωq(t−t0)Sq(t− t0)bˆq(t0), (5.88)
bˆq(t) = e−iωq(t−t f )Sq(t− t f )bˆq(t f ), (5.89)
with unitary matrix (cf. equation (5.66))
Sq(τ) =

T rq R
r
q 0 0 0 0 0 0
−Rr∗q T rq 0 0 0 0 0 0
0 0 T rq 0 0 0 −Rr∗q 0
0 0 0 T lq 0 −R l∗q 0 0
0 0 0 0 T lq 0 0 −R l∗q
0 0 0 R lq 0 T
l
q 0 0
0 0 Rrq 0 0 0 T
r
q 0
0 0 0 0 R lq 0 0 T
l
q

(5.90)
and time-dependent parameters
Rβq (τ) = e
iφ˜βq sin(|κ˜βq |τ), T βq (τ) = cos(|κ˜βq |τ), β ∈ {l,r}. (5.91)
Again, we utilize that for Markovian systems the coupling constant is approximately frequency
independent, so that the coupling strength κ˜βq ' κ˜β = |κ˜β |eiφ˜β as well as Sq(t) ' S(t). Fur-
thermore, we consider the in- and output operator definition of the single channel fields (cf.
equation (5.68)-(5.69)). To allow the interpretation of channel fields in the sense of figure 5.11,
we apply an appropriate permutation of the output field amplitudes and introduce the vector
operators
bˆTin = (bˆ
1
in, bˆ
2
in, bˆ
3
in, bˆ
4
in, bˆ
5
in, bˆ
6
in, bˆ
7
in, bˆ
8
in), (5.92)
bˆTout = ( ˆ˜b
7
out,
ˆ˜b3out,
ˆ˜b2out,
ˆ˜b5out,
ˆ˜b4out,
ˆ˜b8out,
ˆ˜b1out,
ˆ˜b6out)
= (bˆ1out, bˆ
2
out, bˆ
3
out, bˆ
4
out, bˆ
5
out, bˆ
6
out, bˆ
7
out, bˆ
8
out).
(5.93)
Therefore, the input-output relation of the tilted end facets in the new channel notation reads
bˆout = Sbˆin, (5.94)
with S-matrix
S≡ lim
t f−t0→∞
κ˜→0
κ˜(t f−t0)=const.
S(t f − t0) =

0 0 Rr 0 0 0 T r 0
0 0 T r 0 0 0 −Rr∗ 0
−Rr∗ T r 0 0 0 0 0 0
0 0 0 0 T l 0 0 −R l∗
0 0 0 T l 0 −R l∗ 0 0
0 0 0 0 R l 0 0 T l
T r Rr 0 0 0 0 0 0
0 0 0 R l 0 T l 0 0

,
(5.95)
in terms of reflection and transmission amplitude
Rβ = eiφ˜
β
sin(|κ˜β |(t f − t0)), T β = cos(|κ˜β |(t f − t0)), β ∈ {l,r}. (5.96)
Equation (5.94) relates the output field modes to the input field operators by the S-matrix in
direct analogy to scattering theory. The S-matrix is determined by the transmission or reflection
amplitudes defined in (5.96).
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bˆ3i,in
bˆ6i,in
bˆ4i,in
bˆ2i,in
κ˜rκ˜ l
κ l
bˆ1i,out
bˆ2i,out
κr
bˆ8i,out bˆ
l
i,in
aˆi
x
−L bˆ1i,in0bˆ8i,inbˆ6i,out bˆ7i,out
bˆ7i,in
bˆli,out
z
bˆri,out
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bˆ4i,out
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5
i,out
bˆ3i,out
Figure 5.11: Sketch of the empty superluminescent diode system including the concept of chan-
nels in analogy to scattering theory.
5.2.3 Virtual cavity system
Up to now, we have studied system I and system III of the total cascaded model shown in
figure (5.6). This sketch of an empty diode system reveals that the output fields with amplitudes
ˆ˜b6out and
ˆ˜b1out enter the virtual cavity (system II) resulting in a quasi one-dimensional field
propagation inside the cavity parallel to the z-direction. In the following we study in more detail
this two-sided open cavity sketched in figure 5.12.
aˆ
bˆlin
bˆlout
κ l
bˆrin
bˆrout
z
κr
0−L
Figure 5.12: Sketch of a two-sided open, virtual cavity (system II in figure 5.7).
We are searching for an expression of the output modes bˆl/rout in terms of the input bˆ
l/r
in and
their coupling with the multimode radiation field of amplitudes aˆ inside the cavity of coupling
constants κ l/r. It turns out that the input-output formalism developed by C. W. Gardiner and
M. J. Collett [144] in 1985 provides response to this issue in a very simple and elegant way. It is
based on the quantum network theory of B. Yurke and J. S. Denker [145] and is directly applicable
to our cascaded system straightforwardly. However, in this quantum noise theory the input and
output field modes are defined in terms of initial and final time (see appendix E) leading to a
relation which does not include information about reflection and transmission processes always
arising when studying boundary conditions at a semi-transparent mirror in standard quantum
electrodynamics (QED) derivation. Accordingly, the quantum noise formalism has to be extended
by an implementation of these coefficients.
To be consistent, we study first the boundary value problem of a virtual cavity similar to
reference [146]. Here, reflection and transmission amplitudes are identified and an input-output
relation is formulated. After that, we replace the boundary conditions by effective interactions
according to reference [144].
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5.2.3.1 Input-output formalism from scattering theory
Let us study a Fabry-Pérot cavity modeled by two imperfect mirrors located at position z=−L
and z = 0 perpendicular to the z-direction and described by dielectric slabs of thickness ll and lr
(see figure 5.13) [146]. The slabs are formed by homogeneous, isotropic, non-absorbing and
z
δ (z)
1
0−L
δ (z+L)
I
J
J′
I′
1 T r
Rr
Rl
T l
|Rl|2 < 1 |Rr|2 < 1
Figure 5.13: Sketch of a two-sided open, empty cavity. The semi-transparent mirrors located at
z = −L and z = 0 are modeled by delta potentials.
passive media resulting in constant, real-valued refractive indices nl ∈R and nr ∈R. We assume
vacuum between both semi-transparent mirrors. Thus, the relative dielectric function εr = ε/ε0
reads
εr(z) = n2(z) =
ε(z)
ε0
= 1+ν lδ (z+L)+νrδ (z), ν i = ni2li, ν l ,νr ∈R. (5.97)
S I N G L E - M O D E E M I S S I O N O F A FA B RY- P É ROT C AV I T Y For simplicity, we study the
case of a single-mode electric field propagating parallel to the z-axes with a linear polarization in
y-direction described by the positive frequency part,
E(+)(r, t) = E(+)(z, t)κ(x,y)ey, (5.98)
in which the transverse mode function is normalized to the cross-section area∫ ∞
−∞
dx dy |κ(x,y)|2 = A. (5.99)
According to the Maxwell’s equation, the electric field E(z, t) is a solution of the wave equation
(cf. equation (2.17)) [
∂ 2z −
n2(z)
c20
∂ 2t
]
E(+)(z, t) = 0. (5.100)
The classical electromagnetic field of type
E(+)(z, t) = αu(z)e−iωt , ω > 0 (5.101)
yields a Helmholtz equation for the mode function u(z),(
∂ 2z +
ω2
c20
n2(z)
)
u(z) = 0. (5.102)
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Thus, outside the semitransparent mirrors plane waves are solutions (u(z)∼ e±ikz) and the vac-
uum dispersion ω = |k|c0 follows. Please note, that the wave vector magnitude k can be both
positive and negative. For each k there exist two solutions of equation (5.102). Here, u(z) labels
the purely outgoing mode on the right-hand side of the cavity at z> 0 whereas u′(z) corresponds
to the mode purely outgoing on the left-hand side at z<−L. The mode solutions for k > 0 read:
O U T G O I N G M O D E S O N T H E R I G H T (k > 0)
u(z) =

eikz+Rle−ikz z<−L
Ieikz+ Je−ikz −L< z< 0
T reikz z> 0
, (5.103)
O U T G O I N G M O D E S O N T H E L E F T (k > 0)
u′(z) =

T le−ikz z<−L
I′e−ikz+ J′eikz −L< z< 0
e−ikz+Rreikz z> 0
. (5.104)
The amplitudes Rl , I,J,T r as well as Rr, I′,J′,T l are determined by the boundary conditions at
the mirror surfaces at z = −L and z = 0. Continuity of the electric field tangential component as
well as discontinuity of the magnetic field tangential component require
u(−L−) = u(−L+), ∂zu(−L−)−∂zu(−L+) = k2ν lu(−L), (5.105)
u(0−) = u(0+), ∂zu′(−L−)−∂zu′(−L+) = k2ν lu′(−L), (5.106)
u′(−L−) = u′(−L+), ∂zu(0−)−∂zu(0+) = k2νru(0), (5.107)
u′(0−) = u′(0+), ∂zu′(0−)−∂zu′(0+) = k2νru′(0). (5.108)
Here, the plus or minus sign in the arguments of equation (5.105)-(5.108) refers to the abbre-
viations L± = limε→0(L± ε) and 0± = limε→0±ε . With this set of boundary conditions, the
amplitudes can be calculated, leading to the following expressions
T r =
t ltr
λ
, T l = T r, (5.109)
Rl =
rle−2ikL + rre2iArg(t l)
λ
, Rr =
rle2ikL+2iArg(t
r)+ rr
λ
, (5.110)
I =
t l
λ
, I′ =
tr
λ
, (5.111)
J =
t lrr
λ
, J′ =
trrle2ikL
λ
, (5.112)
in terms of the definitions
λ ≡ 1− ν
lνrk2e2ikL
(2i+ kν l)(2i+ kνr)
= 1− rlrre2ikL, tβ = 2
2− ikνβ , r
β =
ikνβ
2− ikνβ . (5.113)
Here, Rl and T r as well as Rr and T l correspond to reflection and transmission amplitudes of the
Fabry-Pérot cavity. They satisfy the conditions, 8
|Rl|2+ |T r|2 = |Rr|2+ |T l|2 = 1, (5.114)
Rl∗T l +RrT r∗ = 0, (5.115)
8 In case of an absorbing mirror equation (5.114) becomes an inequality of type |Rl |2 + |T r|2 ≤ 1.
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Figure 5.14: Reflection and transmission coefficient, |Rr|2 and |T r|2, of an open cavity of length
L = νr as a function of the scaled wave number νrk for characteristic function (a)
ν l = νr, (b) ν l = 0.5νr, (c) ν l = 0.1νr, (d) ν l = 0.001νr.
due to energy conservation. Figure 5.14 shows the transmission |T r|2 (red) and the reflection |Rr|2
(blue) coefficient on the right-hand side of the cavity of length L= νr as a function of scaled wave
number νrk. For a smaller ratio ν l/νr, reflection and transmission reveal resonances observable
in figure 5.14(a) for ν l = νr and figure 5.14(b) for ν l = 0.5νr. These resonances are smeared
out with decreasing ratio ν l/νr visible in figure 5.14(c) and figure 5.14(d) for ν l = 0.1νr and
ν l = 0.001νr, respectively. In addition, for decreasing the ratio ν l/νr, an increasing reflection
and a decreasing transmission coefficient are observable until they reach their maximum and
minimum value of 1 and 0, respectively 9. At the same time, the sum of both coefficients remains
constant according to condition (5.114).
The mode function (5.103) is normalized by [146]∫
dz n2(z)u(k,z)u∗(k′,z) = 2piδ (k− k′). (5.116)
The same is valid for the mode function u′(z). Furthermore, the mode functions obey the
orthogonality condition [146] ∫
dz n2(z)u(k,z)u′∗(k′,z) = 0. (5.117)
9 Figure 5.14(d) corresponds to the bad cavity limit.
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Thus, a general solution of the z-component of the positive frequency part of the electromagnetic
field is given by the linear combination
E(+)(z, t) = (αu(z)+α ′u′(z))e−iωt . (5.118)
Taking into account the separation ansatz (5.98), the classical electric field is specified by
E(+)(r, t) = κ(x,y) (αu(z)+α ′u′(z))e−iωtey. (5.119)
Q UA N T I Z E D E L E C T RO M AG N E T I C FI E L D Following the same quantization procedure
described in section 2.1 we are able to determine the total electric field on the left- and right-hand
side of the cavity. They are composed of the left- and right-propagating part of the radiation field
on the appropriate location of the cavity with positive frequency part according to
Eˆβ (+)(r, t) = Eˆβ (+)in (r, t)+ Eˆ
β (+)
out (r, t), β = l,r, (5.120)
= Eκ(x,y) (u(z)aˆ+ u′(z)aˆ′)e−iωtey, E = i
√
h¯ω
2ε0V
. (5.121)
Due to equations (5.103)-(5.104), the positive frequency part of the input and the output quantized
electric field on the left-hand side of the cavity with z<−L (see figure 5.13) can be written as
Eˆl(+)in (r, t) = Eˆ
l(+)
in (x,y, t−
z
c0
) = Eκ(x,y)aˆe−i(ωt−kz)ey, (5.122)
Eˆl(+)out (r, t) = Eˆ
l(+)
out (x,y, t +
z
c0
) = Eκ(x,y)
(
Rl aˆ+T l aˆ′
)
e−i(ωt+kz)ey. (5.123)
Here, we introduced the annihilation and creation operators aˆ, aˆ† of mode u and aˆ′, aˆ′† of mode u′
which satisfy the commutation relations
[aˆ, aˆ ] =
[
aˆ†, aˆ†
]
= [aˆ′, aˆ′ ] =
[
aˆ′†, aˆ′†
]
= 0, (5.124)[
aˆ, aˆ′†
]
=
[
aˆ′, aˆ†
]
= 0, (5.125)[
aˆ, aˆ†
]
=
[
aˆ′, aˆ′†
]
= 1. (5.126)
Defining the mode function
v(x,y) = i
√
h¯ωpi
ε0V∆ω
κ(x,y), (5.127)
as well as left and right output operators
bˆlout(t) =
√
∆ν
(
Rl aˆ+T l aˆ′
)
e−iωt , (5.128)
bˆrout(t) =
√
∆ν (T raˆ+Rraˆ′)e−iωt , ∆ν =
∆ω
2pi
, (5.129)
we can specify the positive frequency part of the left output electric field (z<−L)
Eˆl(+)out (x,y,z<−L, t) = i
√
h¯ω
2ε0V
κ(x,y)
(
Rl aˆ+T l aˆ′
)
e−iω(t+z/c0)ey
= v(x,y)bˆlout
(
t +
z
c0
)
ey.
(5.130)
In the same way, we find the output field entering the cavity on the right-hand side (z> 0)
Eˆr(+)out (x,y,z> 0, t) = v(x,y)bˆrout
(
t− z
c0
)
ey. (5.131)
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The input quantized radiation fields are defined by
Eˆl(+)in (x,y,z<−L, t) = v(x,y)bˆlin
(
t− z
c0
)
ey, (5.132)
Eˆr(+)in (x,y,z> 0, t) = v(x,y)bˆ
r
in
(
t +
z
c0
)
ey, (5.133)
with input operators
bˆlin(t) =
√
∆ν aˆe−iωt =
√
∆ν aˆ(t), (5.134)
bˆrin(t) =
√
∆ν aˆ′e−iωt =
√
∆ν aˆ′(t), ∆ν =
∆ω
2pi
, (5.135)
and free evolution operators aˆ(t) = aˆe−iωt and aˆ′(t) = aˆ′e−iωt .
M U LT I M O D E E M I S S I O N O F A FA B RY- P É ROT C AV I T Y Clearly, the consideration of a
single-mode inside a Fabry-Pérot cavity can be extended to many modes. This generalization
gives rise to a total electric field of type (5.120) with input and output part on the left (z<−L),
Eˆl(+)in (r, t) = ∑
{ki>0}
vi(x,y)bˆli,in
(
t− z
c0
)
ey, (5.136)
Eˆl(+)out (r, t) = ∑
{ki>0}
vi(x,y)bˆli,out
(
t +
z
c0
)
ey, (5.137)
as well as input and output on the right (z> 0)
Eˆr(+)in (r, t) = ∑
{ki>0}
vi(x,y)bˆri,in
(
t +
z
c0
)
ey, (5.138)
Eˆr(+)out (r, t) = ∑
{ki>0}
vi(x,y)bˆri,out
(
t− z
c0
)
ey, (5.139)
with corresponding input- and output operators
bˆli,in(t) =
√
∆νi aˆie−iωit , (5.140)
bˆri,in(t) =
√
∆νi aˆ′ie
−iωit , (5.141)
bˆli,out(t) =
√
∆νi
(
Rli aˆi+T
l
i aˆ
′
i
)
e−iωit , (5.142)
bˆri,out(t) =
√
∆νi (T ri aˆi+R
r
i aˆ
′
i)e
−iωit . (5.143)
The mode function of mode i is specified by
vi(x,y) = i
√
h¯ωipi
ε0V∆ωi
κ(x,y) (5.144)
and the quantized field amplitudes obey the usual bosonic commutation relations
[aˆi, aˆ j ] =
[
aˆ†i , aˆ
†
j
]
=
[
aˆ′i, aˆ
′
j
]
=
[
aˆ′†i , aˆ
′†
j
]
= 0, (5.145)[
aˆi, aˆ
′†
j
]
=
[
aˆ′i, aˆ
†
j
]
= 0, (5.146)[
aˆi, aˆ
†
j
]
=
[
aˆ′i, aˆ
′†
j
]
= δi j. (5.147)
Having a closer look at the output quantized field amplitudes (5.142)-(5.143) and the definition
of the input operators (5.140)-(5.141), it becomes quite obvious that the output is directly
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connected with the input. Assuming equally spaced frequency distances between adjacent modes,
∆ωi = ∆ω , the left and right output amplitudes in terms of the inputs are given by
bˆli,out(t) = R
l
i bˆ
l
i,in(t)+
√
∆νFT li aˆ
′
i(t),
bˆri,out(t) = R
r
i bˆ
r
i,in(t)+
√
∆νFT ri aˆi(t).
(5.148)
(5.149)
Obviously, the prefactor
√
∆νF on the right-hand side of (5.148)-(5.149) is related with the free
spectral range
∆νF =
c0
2L
≡ ∆ω
2pi
= ∆ν . (5.150)
As a main result, we find an input-output relation of a simple empty cavity model by solving
the boundary value problem.
5.2.3.2 Input-output relation by effective point interaction
The preceding section related the output field amplitudes with the input radiation field ampli-
tudes via the concept of QED with corresponding boundary conditions at the two semi-transparent
mirrors and introduced reflection as well as transmission amplitudes. In this section, we follow
the ideas of C. W. Gardiner and M. J. Collett [50, 139, 144, 147] to formulate an alternative
derivation of the relation between input and output fields of the virtual, two-sided cavity system
depicted in figure 5.12, in which the boundary conditions are substituted by effective point
interactions. Here, two external electric fields with corresponding system operators bˆliq and bˆ
r
iq are
coupled to the radiation field inside the empty fictitious cavity with amplitudes aˆi. The Hamilton
operator (5.48) reduces to
Hˆ = Hˆr+ Hˆb+ Hˆi+ Hˆlr (5.151)
with the corresponding Hamiltonian of the internal radiation field Hˆr (see equation (5.49)), the
Hamiltonian of the left and right heat baths Hˆb (see equation (5.52)) and their linear interaction
between each other as well as their interaction with the intracavity radiation field, described by
Hˆlr and Hˆi (cf. equation (5.53) and (5.54)), respectively. Again, we choose the Heisenberg picture
and formulate equations of motion for the intracavity field amplitudes
˙ˆai = − ih¯
[
aˆi, Hˆ
]
= −iωiaˆi− ∑
q∈Mi
κ ∗Tiq bˆiq with bˆiq =
(
bˆliq
bˆriq
)
, κ iq =
(
κ liq
κriq
)
, (5.152)
as well as for the reservoir field operators
˙ˆbiq = −iΩiqbˆiq+κ iqaˆi with Ωiq =
(
ωq+ ξiq iηiq
−iη∗iq ωq+ ξiq
)
= (ωq+ ξiq)1+Φiq. (5.153)
Formal integration of (5.153) in terms of the initial time t0 < t yields the dynamics of the heat
bath mode amplitudes as a function of the internal radiation field operators aˆi,
bˆiq(t) = e−iΩiq(t−t0)bˆiq(t0)+
∫ t
t0
dt ′ e−iΩiq(t−t
′)κ iqaˆi(t ′). (5.154)
This solution can be directly inserted into the equation of motion of the internal radiation field
amplitude (5.152), resulting into a differential equation of type
˙ˆai(t) = −iωiaˆi(t)− ∑
q∈Mi
κ ∗Tiq e
−iΩiq(t−t0)bˆiq(t0)− ∑
q∈Mi
κ ∗Tiq
∫ t
t0
dt ′ e−iΩiq(t−t
′)κ iqaˆi(t ′). (5.155)
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In the next step, we introduce the Langevin force operator fˆ βi and the memory kernel K
β
i
according to
∑
β∈{l,r}
fˆ βi (t) ≡ ∑
q∈Mi
κ ∗Tiq e
−iΩiq(t−t0)bˆiq(t0), (5.156)
∑
β∈{l,r}
Kβi (τ) ≡ ∑
q∈Mi
κ ∗Tiq e
−iΩiqτκ iq, (5.157)
so that equation (5.155) simplifies to
˙ˆai(t) = −iωiaˆi(t)− ∑
β∈{l,r}
∫ t
t0
dt ′ Kβi (t− t ′)aˆi(t ′)− ∑
β∈{l,r}
fˆ βi (t). (5.158)
M A R KOV A P P ROX I M AT I O N In analogy to the derivation of the master equation (see ap-
pendix D) we utilize the sharpness of the memory kernel Kβi at t = t
′ for Markovian systems. Here,
the convolution integral of Kβi (t− t ′) and an arbitrary system operator cˆ(t) can be approximated
by
∫ t
t0
dt ′ Kβi (t− t ′)cˆ(t ′) ≈
∫ t
t0
dt ′ Kβi (t− t ′)cˆ(t)
tτc≈
(
γβi
2
+ iδω
)
cˆ(t), (5.159)
for times t much bigger than the correlation time τc of the reservoir fluctuations. γ defines a decay
rate and is related with the coupling constant via γ = 2pi|κ|2/∆ω . The line shift δω will be
neglected in the following. Please note, that in the Markov approximation, the coupling constants
are only a function of frequency ωi that is independent of frequency ωq,
κβiq ≈ κβi = |κβi |eiφ
β
i , β ∈ {l,r}. (5.160)
Therefore the damping rates read
γβi ≡
1
∆νi
|κβi |2, β ∈ {l,r}. (5.161)
The temporal derivative of the mode field amplitude i is of Langevin type,
˙ˆai = −
(
iωi+
γ li + γri
2
)
aˆi− ∑
β∈{l,r}
fˆ βi , (5.162)
including both a damping as well as a randomizing term. Therefore, fˆ βi corresponds to a Langevin
operator, describing fluctuations of aˆi around its average.
We define an input operator in terms of the initial time t0 < t,
bˆβi,in(t) ≡
√
∆νi ∑
q∈Mβi
e−iωq(t−t0)bˆβiq(t0), β ∈ {l,r}. (5.163)
In the Markov approximation, also the coupling constants ηiq are flat around a certain central
frequency ωi so that we can make the replacement ηiq ' ηi = |ηi|eiϕi and the Langevin force is
related to the input field amplitude by
∑
β∈{l,r}
fˆ βi (t) '−
κ ∗Ti√
∆νi
Si(t− t0) bˆi,in(t), Si(τ) =
(
Ti(τ) Rri (τ)
Rli(τ) Ti(τ)
)
, bˆi,in =
(
bˆli,in
bˆri,in
)
. (5.164)
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Again, we identify the matrix elements of Si(τ) as reflection and transmission amplitudes defined
by10
Ti(τ) = e−iξi(t) cos(|ηi|τ), (5.165)
Rri (τ) = e
−i(ξi(t)−ϕi) sin(|ηi|τ), (5.166)
Rli(τ) = −e−i(ξi(t)+ϕi) sin(|ηi|τ). (5.167)
This result can be utilized to formulate the equation of motion for the field amplitude aˆi in terms
of the input operator according to
d
dt
aˆi(t) = −
(
iωi+
γ li + γri
2
)
aˆi(t)− bˆLi,in(t)− bˆRi,in(t) . (5.168)
Here, we introduced the abbreviations
bˆLi,in(t) ≡ X li (t− t0)bˆli,in(t), (5.169)
bˆRi,in(t) ≡ X ri (t− t0)bˆri,in(t) (5.170)
with
Xβi (τ) = D
β∗
i Ti(τ)+D
α∗
i R
β
i (τ) and D
β
i =
√
γβi e
iφβi , α ,β ∈ {l,r}, α 6= β . (5.171)
The first term in (5.168) describes the free evolution and considers damping effects resulting from
the left and right mirrors of the virtual cavity. Please note, that this damping term is Markovian
as it is only a function of the system operator evaluated at time t and not at earlier times. The
last two terms, which are proportional to the input field operators bˆl/ri,in can be interpreted as noise
contributions provided that the state of the total system at initial time t0 factorizes and the state
of the noise input is incoherent [50]. Thus, equation (5.168) represents a quantum stochastic
differential equation (QSDE) for the quantized intracavity field amplitude aˆi also known as
quantum Langevin equation named after Langevin who invented a heuristic formulation of
Brownian motion in classical physics [148], which became a standard method for describing
stochastic processes.
In analogy to (5.154) the solution of the Heisenberg equation of the bath modes in terms of
the final time t f > t is
bˆiq(t) = e−iΩiq(t−t f )bˆiq(t f )−
∫ t f
t
dt ′ e−iΩiq(t−t
′)κ iqaˆi(t ′). (5.172)
Applying the same calculations as before, we can specify the equation of motion for the internal
radiation field amplitude
˙ˆai(t) = −
(
iωi− γ
l
i + γri
2
)
aˆi(t)− bˆLi,out(t)− bˆRi,out(t) , (5.173)
with
bˆLi,out(t) = X
l
i (t− t f )bˆli,out(t), (5.174)
bˆRi,out(t) = X
r
i (t− t f )bˆri,out(t) (5.175)
10 Here, the matrix Si(τ) and its coefficients are equal to (5.66)-(5.67) except for a phase e−iξi(τ).
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as a function of the output operators depending on final time t f > t, which are defined by
bˆβi,out(t) ≡
√
∆νi ∑
q∈Mβi
e−iωq(t−t f )bˆβiq(t f ), β ∈ {l,r}. (5.176)
It must be pointed out that both, input and output operator (see equation (5.163) and (5.176))
have a dimension of s−1/2 in contrast to the dimensionless field amplitudes bˆβiq resulting in
commutation relations [
bˆαi,in(t), bˆ
β†
j,in(t
′)
]
= δαβδi jδ (t− t ′),[
bˆαi,out(t), bˆ
β†
j,out(t
′)
]
= δαβδi jδ (t− t ′), αβ ∈ {l,r}
(5.177)
(5.178)
of unit s−1. Please note, that the commutator of the input as well as the output amplitudes are delta
functions resulting in a temporal delta correlation or rather a flat spectrum when transforming into
the frequency regime. Thus equations (5.177)-(5.178) reflects the quantum white noise character
of the input and output.
I N P U T- O U T P U T R E L AT I O N A relation between the input and output field amplitudes is
obtained by equating the right-hand side of equation (5.154) and the right-hand side of (5.172)
which yields
e−iΩiq(t−t f )bˆiq(t f ) = e−iΩiq(t−t0)bˆiq(t0)+
∫ t f
t0
dt ′ e−iΩiq(t−t
′)κ iqaˆi(t ′). (5.179)
We multiply both sides of (5.179) with
√
∆νi and sum over all q modes. Under consideration of
the Markov approximation (ηiq ' ηi, κiq ' κi) and the definition of the input and output operators
(5.163) and (5.176), we get
e−iΦi(t−t f )bˆi,out(t) ' e−iΦi(t−t0)bˆi,in(t)+
√
∆νi
∫ t f
t0
dt ′ ∑
q∈Mi
e−iΩiq(t−t
′)κ iaˆi(t ′). (5.180)
In the continuum limit, the summation term in the integrand corresponds to a delta distribution11.
Due to the locality of the interaction at the output facets of the virtual cavity, we can expand the
remote past and the remote future time, t0 and t f , to ±∞. Multiplying both sides of (5.180) with
eiΦi(t−t f ), we find an input-output relation for the virtual cavity system
bˆi,out(t) = Sibˆi,in(t)+Γi(t f − t)aˆi(t) (5.181)
with
Si ≡ lim
t f−t0→∞
ηi→0
ηi(t f−t0)=const.
Si(t f − t0) =
(
Ti Rri
Rli Ti
)
, Γi(τ) = Si(τ)
(
D li
D ri
)
, bˆi,out =
(
bˆri,out
bˆli,out
)
.
(5.182)
Again, we introduced the useful channel notation in agreement to figure 5.12. Here, the elements
of the resulting S-matrix correspond to constant transmission and reflection amplitudes,
Ti ≡ Ti(t f − t0), Rβi = Rβi (t f − t0), (5.183)
respectively, which are a direct result of the coupling mechanism between the left and right
external fields at the single semi-transparent mirrors in analogy to the beam splitter system
discussed in a previous section. Obviously, the output field is described by the input field plus the
interaction with the internal radiation field in agreement to the previous section. Equation (5.181)
represents a boundary condition which relates the output field modes to the internal cavity modes.
11 We utilized the integral representation of a delta function δ (t) =
∫ ∞
−∞
dω
2pi e
−iωt .
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S M A L L T R A N S M I S S I O N A M P L I T U D E In case of a small transmission amplitude, that is
|Ti|  1, equation (5.181) reduces to(
bˆri,out(t)
bˆli,out(t)
)
=
(
0 Rri
Rli 0
)(
bˆli,in(t)
bˆri,in(t)
)
+
√
∆νF
(
T ri (t)
T li (t)
)
aˆi(t), (5.184)
with
T βi (t) =
Dβi R
β
i (t f − t)+Dαi Ti(t f − t)√
∆νF
, α ,β ∈ {l,r}, α 6= β . (5.185)
Obviously, a comparison of equation (5.184) with (5.148)-(5.149) identifies a new transmission
amplitude according to (5.185). The input-output relation for small transmission amplitude
reads
bˆβi,out(t) = R
β
i bˆ
β
i,in(t)+
√
∆νFT
β
i (t)aˆi(t) , β ∈ {l,r}, (5.186)
in fully agreement with the solutions (5.148)-(5.149) (see also references [149, 150]) except
for a time-dependency of the transmission T βi (t). In the following discussion of light emitting
QDSLDs we will follow this assumption of a small transmission amplitude |Ti|  1 resulting
into an output amplitude described by (5.186).
E L E C T RO M AG N E T I C FI E L D S O F T H E V I RT UA L C AV I T Y With these information in
mind, we can determine electric fields located on the left- and right-hand side of the cavity,
Eˆr(x,y,z> 0, t) = Eˆrin
(
x,y, t +
z
c0
)
+ Eˆrout
(
x,y, t− z
c0
)
(5.187)
Eˆl(x,y,z<−L, t) = Eˆlin
(
x,y, t− z
c0
)
+ Eˆlout
(
x,y, t +
z
c0
)
, (5.188)
with positive frequency part of the input and the output (β ∈ {l,r})
Eˆβ (+)in(out)(x,y, t) ' ∑
{ki>0}
v˜i(x,y)bˆ
β
i,in(out)(t)ey, (5.189)
and mode function v˜i(x,y) defined in equation (5.144).
S P E C I A L C A S E : T OTA L R E FL E C T I O N The validity of the identification of the parameters
Rβi and T
β
i with reflection and transmission amplitudes can easily be tested when studying the
stationary electric field on the right-hand side of the cavity depicted in figure 5.15 by assuming a
perfectly reflecting right mirror.
bˆri,in
bˆri,out
z
0−L
Figure 5.15: Sketch of the virtual cavity for the special case of total reflection on the right.
Here, the total electric field Eˆr(x,y,z = 0, t) vanishes, which defines a boundary condition.
The field is not allowed to interact with the internal radiation so that the coupling constant and
the transmission amplitudes are zero, T ri = 0, for all modes i. From this it follows
bˆri,out(t) = R
r
i bˆ
r
i,in(t) with R
r
i = −1, ∀i. (5.190)
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Obviously, this is satisfied for a phase |ηi|(t f − t0) = pi/2 and the output corresponds to the input
shifted by pi . The result (5.190) is in full agreement with the physical prediction.
It must be pointed out, that in reference [144] the reflection amplitude developed in equa-
tion (5.186) is equal to one, Rβi = 1, for all field modes i so that no phase jump at the single
mirror is observable, which is in direct contradictory to the solution of the congruent boundary
value problem.
Indeed, one can state that the input-output relation derived in this section, in which the boundary
conditions are replaced by effective interactions, is based on the concepts of C. W. Gardiner and
M. J. Collett [144]. However, the derived relation (5.186) between the output and the input fields
considers the existing boundary conditions at the single semi-transparent mirrors leading to the
occurrence of reflection and transmission coefficients which again enforces a phase shift by pi
for total reflection. Thus, this input-output relation represents a generalization of [144]. Clearly,
Gardiner’s input-output formalism is an elegant and simple way to directly determine the far
field output with the knowledge of the input field and the dynamics of the intra-cavity system.
In addition, the approach is also applicable to nonlinear systems and allows to study cascaded
systems [140] in which the output field of a system is simultaneously the input of an other one,
a great benefit not only in the context of this thesis, but also for other fields of research like
quantum optical networks [151–153].
Up to now, we have studied single subsystems, the beam splitter configuration and the virtual
cavity, forming the empty diode model described at the beginning of this section. In the following
we bring these separated systems together in order to determine the output emission of empty
superluminescent diodes.
5.2.4 Emission of the empty waveguide
With the detailed information about the beam splitter and cavity sub-system in mind we can
study the total emission of our empty superluminescent diode system. The physical problem
under consideration is depicted in figure 5.16 once again.
bˆ3i,in
bˆ6i,in
bˆ4i,in
bˆ2i,in
κ˜rκ˜ l
κ l
bˆ1i,out
bˆ2i,out
κr
bˆ8i,out bˆ
l
i,in
aˆi
x
−L bˆ1i,in0bˆ8i,inbˆ6i,out bˆ7i,out
bˆ7i,in
bˆli,out
z
bˆri,out
bˆri,in
bˆ4i,out
bˆ5i,inbˆ
5
i,out
bˆ3i,out
Figure 5.16: Sketch of the empty superluminescent diode system including the concept of chan-
nels in analogy to scattering theory.
As already mentioned, it corresponds to a cascaded system in which two output channels
of the beam splitter are simultaneously the virtual cavity input fields (see equation (5.46))
and figure 5.16. Under consideration of (5.46) as well as the result of the cavity input-output
formalism (5.186) and the beam splitter output channels described by (5.93)-(5.96), we can
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determine the input field operators of the radiation fields Eˆ7 and Eˆ8 in terms of the beam splitter’s
reflection and transmission amplitudes as well as the interaction with the intra-cavity modes
according to
bˆ7i,in(t) = bˆ
r
i,out(t) = R
r
i bˆ
r
i,in(t)+
√
∆νFT ri (t)aˆi(t) = R
r
i bˆ
7
i,out(t)+
√
∆νFT ri (t)aˆi(t)
= RriTi,rbˆ
1
i,in(t)+R
r
iR
r
i bˆ
2
i,in(t)+
√
∆νFT ri (t)aˆi(t),
bˆ8i,in(t) = bˆ
l
i,out(t) = R
l
i bˆ
l
i,in(t)+
√
∆νFT li (t)aˆi(t) = R
l
i bˆ
8
i,out(t)+
√
∆νFT li (t)aˆi(t)
= RliR
l
i bˆ
4
i,in(t)+R
l
iT
l
i bˆ
6
i,in(t)+
√
∆νFT li (t)aˆi(t).
(5.191)
Please note, the output field amplitudes bˆαi,out with α = 1,2,4,6 depend explicitly on bˆ7i,in and
bˆ8i,in. Therefore, we can specify these operators in terms of the input channel amplitudes via
bˆ1i,out(t) = R
r
iT
r2
i bˆ
1
i,in(t)+R
r
iR
r
iT
r
i bˆ
2
i,in(t)+R
r
i bˆ
3
i,in(t)+T
r
i
√
∆νFT ri (t)aˆi(t),
bˆ2i,out(t) = −RriT ri Rr∗i bˆ1i,in(t)−Rri |Rri |2 bˆ2i,in(t)+T ri bˆ3i,in(t)−Rr∗i
√
∆νFT ri (t)aˆi(t),
bˆ4i,out(t) = −Rli
∣∣R li ∣∣2 bˆ4i,in(t)+T li bˆ5i,in(t)−RliT li R l∗i bˆ6i,in(t)−R l∗i √∆νFT li (t)aˆi(t),
bˆ6i,out(t) = R
l
iR
l
iT
l
i bˆ
4
i,in(t)+R
l
i bˆ
5
i,in(t)+R
l
iT
l2
i bˆ
6
i,in(t)+T
l
i
√
∆νFT li (t)aˆi(t).
(5.192)
Obviously, the system’s degree of freedom have been reduced by a factor of 2. Accordingly, we
find an input-output relation for the total empty superluminescent diode system with tilted end
facets described by the matrix equation of type
bˆi,out(t) = Sibˆi,in(t)+Ai(t)aˆi(t). (5.193)
It states that the output fields are related with the input fields by the matrix
Si =

RriT
r2
i R
r
iT
r
i R
r
i R
r
i 0 0 0
−RriRr∗i T ri −Rri |Rri |2 T ri 0 0 0
−Rr∗i T ri 0 0 0 0
0 0 0 −Rli|R li |2 T li −RliR l∗i T li
0 0 0 T li 0 −R l∗i
0 0 0 RliT
l
i R
l
i R
l
i R
l
iT
l
i
T ri R
r
i 0 0 0 0
0 0 0 R li 0 T
l
i

, (5.194)
which depends on reflection and transmission amplitudes of the single sub-systems; beams splitter
(Rri ,T
r
i ,R
l
i ,T
l
i ) and virtual cavity (R
r
i ,T
r
i ,R
l
i ,T
l
i ). The second term in equation (5.193) results
from the interaction of the input field with the intracavity modes specified by
Aˆi(t) =
√
∆νF
(
T ri T
r
i (t) −Rr∗i T ri (t) 0 −R l∗i T li (t) 0 T li T li (t) 0 0
)T
. (5.195)
Clearly, the dynamics of the internal field modes aˆi of an empty superluminescent diode is
described by the quantum Langevin equation (5.168) with external channel noise inputs
bˆLi,in(t) ≡ X li (t− t0)bˆli,in(t) = X li (t− t0)bˆ8i,out(t) = X li (t− t0)(R li bˆ4i,in(t)+T li bˆ6i,in(t)), (5.196)
bˆRi,in(t) ≡ X ri (t− t0)bˆri,in(t) = X ri (t− t0)bˆ7i,out(t) = X ri (t− t0)(T ri bˆ1i,in(t)+Rri bˆ2i,in(t)).
(5.197)
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E L E C T RO M AG N E T I C C H A N N E L FI E L D S In analogy to appendix E, we can determine
the single electromagnetic channel fields entering and simultaneously leaving the QDSLD at the
output facets. As an example, we consider the positive frequency part of channel 1 located on the
right-hand side of the QDSLD (cf. figure 5.16)
Eˆ1(+) (x,y,z, t) = Eˆ1(+)in
(
x,y, t +
z
c0
)
+ Eˆ1(+)out
(
x,y, t− z
c0
)
, (z> 0). (5.198)
Due to the assumption of the centering of channel frequencies around the intra-cavity frequencies
(cf. approximation (5.81)), the in- and output parts of the electric field read
Eˆ1(+)in(out) (x,y, t) = Eˆ
1(+)
in(out) (x,y, t)ey ' ∑
{ki>0}
v˜1i (r)bˆ
1
i,in(out)(t)ey, (5.199)
with the output operator characterized by equation (5.193), mode function
v˜αi (r) = i
√
h¯ωipi
ε0V∆ωi
×
{
µ(x,y), α = 1,6
µ(y,z), α = 2,3,4,5,
(5.200)
and wave number |kq|= ωq/c0.
Analogously, we can calculate all the other external channel fields 12
Eˆ2(+) (x,y,z, t) = Eˆ2(+)in
(
y,z, t +
x
c0
)
+ Eˆ2(+)out
(
y,z, t− x
c0
)
, (x> 0), (5.201)
Eˆ3(+) (x,y,z, t) = Eˆ3(+)in
(
y,z, t− x
c0
)
+ Eˆ3(+)out
(
y,z, t +
x
c0
)
, (x< 0), (5.202)
Eˆ4(+) (x,y,z, t) = Eˆ4(+)in
(
y,z, t− x
c0
)
+ Eˆ4(+)out
(
y,z, t +
x
c0
)
, (x< 0), (5.203)
Eˆ5(+) (x,y,z, t) = Eˆ5(+)in
(
y,z, t +
x
c0
)
+ Eˆ5(+)out
(
y,z, t− x
c0
)
, (x> 0), (5.204)
Eˆ6(+) (x,y,z, t) = Eˆ6(+)in
(
x,y, t− z+L
c0
)
+ Eˆ6(+)out
(
x,y, t +
z+L
c0
)
, (z< 0), (5.205)
with corresponding output operators derived from equation (5.193).
In analogy to reference [144], we introduce an abbreviation for the output field on the right-hand
side of the right beam splitter parallel to the z-direction,
bˆ1i,out(t) = bˆi,in(t)+
√
∆νFT ri T
r
i (t)aˆi(t) (5.206)
with input operator,
bˆi,in = RriT
r2
i bˆ
1
i,in+R
r
iT
r
i R
r
i bˆ
2
i,in+R
r
i bˆ
3
i,in, (5.207)
in terms of channel fields α = 1−3. Equation (5.206) looks quite similar to the solution of a
single-sided optical one-dimensional cavity (cf. reference [144]), modified by the presence of the
beam splitter system enclosing the cavity.
12 For the electric field of channel 6 we had to apply a specific renormalization.
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O U T P U T S P E C T RU M O F E M P T Y S L D S The output spectrum recorded by a single-photon
counting detector with cross-section area A corresponds to the expectation value of the system’s
output operators in frequency space according to (2.94). The components of the optical power
spectrum matrix Sout(z,ω), that is the optical power per frequency,
Sout(z,ω)αβ = C
∫
A
dx dy 〈Eˆα(−)out (r,ω)Eˆβ (+)out (r,ω)〉
= ∑
{ki,k j>0}
ϒiϒj〈bˆα†i,out(ω)bˆβj,out(ω)〉, ϒi =
√
2h¯pic0ωi
∆ωiL
,
(5.208)
depends on the components of bˆi,out(ω) which again can be calculated by taking the Fourier
transform of the system’s operator equation (5.193)
bˆi,out(ω) = Sibˆi,in(ω)+
1
2pi
∫ ∞
−∞
dtAi(t)aˆi(t)eiωt . (5.209)
We assume that the time-dependent transmission amplitudes T l/ri (t) arising in Ai(t) (cf.
equation (5.195)) evolve slowly compared to the system’s amplitude so it can be considered as a
constant in good approximation. Thus, we can set
T βi (t) ' T βi =
Dβi R
β
i +D
α
i Ti√
∆νF
, α ,β ∈ {l,r}, α 6= β (5.210)
and the reflection and transmission amplitudes, Rβi and Ti, agree with the S-matrix elements (5.183).
Within this approximation, equation (5.209) reduces to
bˆi,out(ω) = Sibˆi,in(ω)+Aiaˆi(ω). (5.211)
The internal field amplitudes in frequency space aˆi(ω) in terms of the input system amplitudes
can be calculated by Fourier transforming the quantum Langevin equation (5.168),
aˆi(ω) =
bˆ
L
i,in(ω)+ bˆ
R
i,in(ω)
i(ω−ωi)− γ
l
i+γri
2
(5.212)
with noise input amplitudes in frequency space
bˆ
L
i,in(ω) = (D
l∗
i Ti+D
r∗
i R
l
i)(T
l
i bˆ
6
i,in(ω)+R
l
i bˆ
4
i,in(ω)), (5.213)
bˆ
R
i,in(ω) = (D
l∗
i R
r
i +D
r∗
i Ti)(T
r
i bˆ
1
i,in(ω)+R
r
i bˆ
2
i,in(ω)). (5.214)
Finally inserting aˆi(ω) into the external field modes in frequency space, we find
bˆi,out(ω) =Mi(ω) bˆi,in(ω), (5.215)
with
Mi =

Γri R
r
iT
r2
i Γ
r
i R
r
iT
r
i R
r
i R
r
i λ ri RliT ri R li 0 λ ri RliT ri T li
−Γri RriRr∗i T ri −Γri Rri |Rri |2 T ri −λ ri RliRr∗i R li 0 −λ ri RliRr∗i T li
−Rr∗i T ri 0 0 0 0
−λ li RriR l∗i T ri −λ li RriR l∗i Rri 0 −ΓliRli|R li |2 T li −ΓliRliT li R l∗i
0 0 0 T li 0 −R l∗i
λ li RriT li T ri λ li RriT li Rri 0 ΓliRliT li R li R li ΓliRliT l2i
T ri R
r
i 0 0 0 0
0 0 0 R li 0 T
l
i

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and
λ βi =
Dαi D
β∗
i
εi
, Γβi = 1+
γαi
εi
, εi = i(ω−ωi)− γ
r
i + γ li
2
, α ,β ∈ {l,r}, α 6= β .
Thus, the output vector operator bˆi,out depends linearly on the input vector operator bˆi,in, revealing
that the power spectrum depends significantly on the choice of the input field. It is precisely
a convolution of the input field with the response function of the beam splitters. The next
subsections deal with the white noise and phase-randomized Gaussian noise input.
5.2.4.1 Response to white noise input
Quantum white noise is characterized by its spectral density independent of frequency,
S(ω) = S¯. (5.216)
As in the case of white light, all frequencies appear equally. Clearly, the choice of quantum white
noise as an input, having infinite energy densities, is an idealization and therefore not observable
in real physical systems. It is rather the thermal state which describes the truly physical nature of
the input resulting into a Planck distribution for the mean thermal occupation number.
According to the Wiener-Khintchine theorem, the first-order autocorrelation function is speci-
fied by the Fourier transform of the spectral density, resulting into a delta-function, meaning that
white noise fluctuations are uncorrelated in case of different time events. In summary, for white
noise input with the number of quanta N¯, the following correlations hold
〈bˆ†in(t)bˆin(t ′)〉= N¯δ (t− t ′), (5.217)
〈bˆin(t)bˆ†in(t ′)〉= (N¯+ 1)δ (t− t ′). (5.218)
Therefore, bˆin is Markovian. Please note, N¯ is constant compared to thermal noise, in which the
photon number is described by a Planck distribution, N¯(ω) = nT (ω) (cf. equation (2.76)).
In this section, we study the simple case of white noise input entering the empty cavity system
from both sides. The concept of white noise discussed above can be directly applied to our
complex input-output cavity setup. Denoting N¯α as the mean occupation number of channel α ,
the frequency correlation of the input mode i is given by
〈bˆα†i,in(ω)bˆβj,in(ω ′)〉= (Si j,in)αβδ (ω−ω ′), (Si j,in)αβ = N¯αδαβδi j, α ,β = 1, ...,6, (5.219)
with input spectral density matrix element (Si j,in)αβ [139]. Here, we claimed that different
channel modes are uncorrelated. In addition, we neglected correlations between different modes
of the same channel.
A single-photon counting detector of finite cross-section area is assumed to be located on
the right-hand side and far away from of the empty SLD perpendicular to the z-direction.
Consequently, only the output of channel 1 is recorded and contributes to the spectral density,
because output fields propagate perpendicular to the z direction as well as the field on the left-hand
side, are not striking the detector, i.e. Eˆout = Eˆ1out. The output of channel 1 is exactly specified by
the first element of the spectrum matrix Sout(ω).
In case of white noise input and equal damping rates, γ l = γr = γ , we find
S(ω) ≡ (Sout(ω))11 =piγ∑
{ki}
ϒ 2i |Rri |2T r2i ×
[
(N¯1T r2i + N¯2|Rri |2)
( 1
piγ
−L (ω−ωi)
)
+ N¯3
|Rri |2
piγT r2i |Rri |2
+(N¯4|R li |2+ N¯6T l2i )L (ω−ωi)
] (5.220)
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with the Lorentzian function
L (ω) =
1
pi
γ
γ2+ω2
. (5.221)
For N¯1 = N¯2 = N¯3 = N¯4 = 0 and N¯6 = N¯, the output spectrum,
S(ω) = p∑
{ki}
ωi
∆ωi
|Rri |2T l2i T r2i L (ω−ωi), p =
2pi2h¯c0γN¯
L
, (5.222)
is a sum of Lorentzians with maximum value at ω = ωi and a full width at half maximum of
√
2γ .
Making the continuum transition we find a continuous power spectrum,
S(ω) = e
ωN/2−1∫
ω−N/2
dω˜ ω˜|Rr(ω˜)|2T l2(ω˜)T r2(ω˜)L (ω− ω˜), e = p
∆ω2
, (5.223)
with ∆ω = (ωN/2−1−ω−N/2)/(N − 1), given by a convolution of a Lorentzian curve and
three transfer functions (spectra) weighted by frequency ω˜ . Here, we supposed equal frequency
separation between adjacent modes, i.e. ∆ωi = ∆ω . Please note, that these transfer functions
vary slowly as a function of angular frequency ω˜ as a result of the Markovian system’s dynamics.
L I M I T I N G C A S E γ  1 Consider the power spectral density (5.223) having a sharp Lorentzian
with γ much smaller than any other relevant system frequency. In this case we can write
lim
γ1
L (ω) =
1
pi
lim
γ1
γ
γ2+ω2
=
1
2ipi
lim
γ1
[
1
ω− iγ −
1
ω+ iγ
]
. (5.224)
The single terms in the brackets are evaluable using the Sokhotski–Plemelj formula [154]
lim
γ→0
1
ω± iγ =P
(
1
ω
)
∓ ipiδ (ω), (5.225)
which results into the power spectral density
S(ω) = e
ωN/2−1∫
ω−N/2
dω˜ ω˜|Rr(ω˜)|2T l2(ω˜)T r2(ω˜)δ (ω− ω˜). (5.226)
For a natural line width γ much smaller than the frequency bandwidth b, we can extend the
integration limits to ±∞ leading to a constant optical power spectrum,
S(ω) ≈ eω|Rr(ω)|2T l2(ω)T r2(ω), (5.227)
of unit W ·s. Obviously, for a narrow line width γ , the output spectrum of an empty QDSLD
for white noise as an input depends on the pointwise multiplication of the three single spectra
|Rr(ω)|2, T l2(ω) and T r2(ω). However, as already mentioned, these spectra vary slowly as a
function of frequency.
We consider again the convolution integral (5.226) and eliminate the explicit frequency depen-
dency in the integrand by setting ω˜ approximately equal to the mean value, ω˜ ' ω¯ . Therefore, in
case of constant reflection and transmission amplitudes, the output spectrum is independent of
frequency suggesting that the output is again quantum white noise.
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5.2.4.2 Response to phase-randomized Gaussian noise input
Obviously, the choice of noise input influences the shape of the optical power spectrum
significantly in case of an empty SLD. According to the investigation of light emitted by QDSLDs
in chapter 4, it is interesting to study phase-randomized Gaussian noise input with a density
operator defined in equation (4.6). Here, the mean photon number N¯ in (5.219) becomes a
function of frequency ω ,
N¯(ω) =C [ps(ω)+ pt(ω)] , C =
L
h¯ωc0
, (5.228)
depending on the distributions ps(ω) and pt(ω) introduced in equation (4.14). Please note, in
case of near-infrared photons, pt(ω) is negligible, as already shown in chapter 4. Motivated
by the measured optical power spectrum, we assume again a Gaussian distribution for ps(ω)
equivalent to equation (4.41) in section 4.5.1. Regarding the Markovian character of the system
under study, reflection and transmission amplitudes are slowly varying in terms of frequency ω˜
and we can extract these functions out of the integral according to the mean value theorem. The
integration limits are extended to ±∞ in analogy to the studied case of white noise input. Finally,
we get a simple expression for the power spectrum
S(ω) ' 2pi
2γ
(∆ω)2
|Rr(ω)|2T l2(ω)T r2(ω)
∫ ∞
−∞
dω˜ ps(ω˜)L (ω− ω˜). (5.229)
Equation (5.229) corresponds to a convolution of a Lorentzian and a Gaussian curve. Accordingly,
the power spectrum of an empty SLD with PRAG input noise exhibits a Voigt profile multiplied
with the flat spectra T l2(ω), T r2(ω) and |Rr(ω)|2. Please note, that these spectral densities
have upper bounds due to their definition in (5.96) and (5.183).
5.3 I N T R AWAV E G U I D E Q UA N T U M D OT S U P E R L U M I N E S C E N T
D I O D E S Y S T E M
The last two sections dealt with a quantum mechanical description of the components forming
the special QDSLD system: the gain medium composed of M QDs and the semiconductor
waveguide with tilted end facets. The model of the total diode system was already introduced at
the beginning of this chapter. Now we have reached a point at which we are able to determine
the full intrawaveguide dynamics, relevant to obtain knowledge about crucial physical processes
like gain, absorption, saturation etc., which again affect the spectral density and the photon
statistics of the QDSLD. In addition, we will observe amplified spontaneous emission as a natural
consequence of a microscopic description of this semiconductor device.
In order to describe the total QDSLD intrawaveguide system, we follow the concepts intro-
duced by C. W. Gardiner and M. J. Collett in 1985 [144] to deal with open quantum systems
as motivated in the section before. The resulting input-output formalism allows to determine
the output electric field, necessary to calculate first- and second-order temporal autocorrelation
functions of the radiation field recorded by detectors far away from the small system under study.
Pursuant to their definition (see section 2.3.1 and 2.3.2), two-time averages have to be calculated.
It turns out, that the determination of these correlations in terms of quantum Langevin equations,
describing the dynamics of the dissipative and fluctuating system, becomes a quite gratuitous
complex challenge. As a consequence, we introduce a further well established formulation of
a stochastic differential equation (SDE) having some more mathematical advantages which
allows to calculate first- and second-order correlations in a very simple and elegant way. This
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formalism is referred to the Japanese mathematician K. Itô, who invented a classical formulation
of stochastic processes. Another, more physical, alternative classical description was developed
by the Russian physicist R. Stratonovich. For someone who is not familiar with both formalisms,
appendix F summarizes the main characteristics and differences of Itô’s and Stratonovich’s SDEs
applied to quantum mechanics. As a main result we show in this appendix that the Itô form of a
quantum stochastic differential equation (QSDE) is equivalent to the Stratonovich one which
again corresponds to the quantum Langevin equation. Thus, knowing the quantum Langevin
equation we can directly deduce the corresponding Itô QSDE.
The Itô differential of the ith ASE field mode in terms of the input noise operators reads13
daˆi(t) = −
[
i∆i+
1
2
(
γ li + γ
r
i
)]
aˆi(t) dt +
M
∑
j=1
g j
∗
i σˆ
j
21(t) dt−dBˆLi (t)−dBˆRi (t). (5.230)
The first term in equation (5.230) describes the free evolution of the mode i with frequency ∆i and
includes the external damping rates γ li , γri resulting from the left and right input noise fields leading
to damping effects of the system. The second term includes the coupling constant between mode i
and quantum dot j defined in equation (5.17) as well as the lowering operator σˆ j21. Therefore, this
contribution describes the interaction of ASE field mode i with all M QDs. The last two terms
consider noise fluctuations described by the noise differentials (cf. equations (5.196)-(5.197))
dBˆLi (t) = X
l
i (t− t0)(T li dBˆ6i (t)+R li dBˆ4i (t)), (5.231)
dBˆRi (t) = X
r
i (t− t0)(T ri dBˆ1i (t)+Rri dBˆ2i (t)), (5.232)
depending on the Itô increments of the external channels α ∈ {1, ...,6} labeled by dBˆαi . They
have the dimension of the square root of reciprocal time and obey the commutation relation and
Itô rules (cf. equation (5.71) and appendix F),[
dBˆαi (t), dBˆ
β†
j (t
′)
]
= δαβδi jδ (t− t ′)dtdt ′, α ,β ∈ {1, ...,6}, (5.233)
dBˆβi (t)dBˆ
β†
i (t) = (N¯
β
i + 1)dt, (5.234)
dBˆβ†i (t)dBˆ
β
i (t) = N¯
β
i dt, (5.235)
with and mean occupation numbers N¯βi . Clearly, the rescaled noise operators introduced in
(5.231)-(5.232) have to satisfy the commutation relation and Itô rules[
dBˆαi (t), dBˆ
β†
j (t
′)
]
= ϑαi (t)δ (t− t ′)δi jδαβ dtdt ′, α ,β ∈ {L,R}, (5.236)
dBˆβi (t)dBˆ
β†
i (t) = (N¯
β
i (t)+ 1)dt, (5.237)
dBˆβ†i (t)dBˆ
β
i (t) = N¯
β
i (t)dt, (5.238)
which obviously shows slight deviations compared to (5.233)-(5.235). Here, we introduced the
abbreviations
ϑLi (t) = γ
l
i |Ti(t− t0)|2|T li |2+ γri |Rli(t− t0)|2|R li |2, (5.239)
ϑRi (t) = γ
l
i |Rri (t− t0)|2|T ri |2+ γri |Ti(t− t0)|2|Rri |2 (5.240)
and
N¯Li (t) = X
l
i (t− t0)N¯li , N¯Ri (t) = X ri (t− t0)N¯ri (5.241)
13 In contrast to appendix F, we omit the notation (I) labeling the Itô formulation of a QSDE.
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with mean occupation numbers
N¯li = |T li |2N¯6i + |R li |2N¯4i , (5.242)
N¯ri = |T ri |2N¯1i + |Rri |2N¯2i . (5.243)
Thus, dBβi , β ∈ {L,R} should not be confused with the Ito increments in the sense of quantum
white noise (5.233)-(5.235).
Please note that the input fields of channel 3 and 5 never enter the waveguide. Therefore, the
corresponding damping rates γ3i and γ5i , which are proportional to the coupling strength between
reservoir and ASE field, are equal to zero.
In the same way, we can derive QSDEs for all atomic coherences and populations of each quan-
tum dot depending on pumping rate R≡ R j = N¯ j20γ j20, acting equally strong on each individual
nanostructure (cf. section 5.1 and figure 5.3), as well as on the Itô increments dBˆ jm/D
j
m, where m
represents the dot transitions m ∈ {(21), (20), (10) | (i j) : |i〉 → | j〉}. They are given by:
Populations
dσˆ j00 = −(Γ j00+R)σˆ j00 dt + γ j10N¯ j10σˆ j11 dt +Rσˆ j22 dt− (σˆ j†10 dBˆ j10+ σˆ j†20 dBˆ j20+ h.c.) (5.244a)
dσˆ j11 =−Γ j11σˆ j11 dt−∑
{ki}
(
g j∗i aˆ
†
i σˆ
j
21 dt + h.c.
)
+ γ j10(N¯
j
10+ 1)σˆ
j
00 dt
+ γ j21N¯
j
21σˆ
j
22 dt− (σˆ j†21 dBˆ j21− σˆ j†10 dBˆ j10+ h.c.)
(5.244b)
dσˆ22 =− (Γ j22+R)σˆ j22 dt +∑
{ki}
(
g j∗i aˆ
†
i σˆ
j
21 dt + h.c.
)
+ γ j21(N¯
j
21+ 1)σˆ
j
11 dt
+(R+ γ j20)σˆ
j
00 dt +(σˆ
j†
21 dBˆ
j
21+ σˆ
j†
20 dBˆ
j
20+ h.c.)
(5.244c)
Coherences
dσˆ j21 =−
(
iδω j12+
1
2
(Γ j21+R)
)
σˆ j21 dt−∑
{ki}
g ji (σˆ
j
22− σˆ j11)aˆi dt
− (σˆ j22− σˆ j11) dBˆ j21+ dBˆ j†10σˆ j20+ σˆ j†10 dBˆ j20
(5.245a)
dσˆ j20 =−
(Γ j20
2
+R
)
σˆ j20 dt +∑
{ki}
g ji σˆ
j
10aˆi dt
+ σˆ j10 dBˆ
j
21− (σˆ j22− σˆ j00) dBˆ j20− σˆ j21 dBˆ j10
(5.245b)
dσˆ j10 =
(
iδω j12−
1
2
(Γ j10+R)
)
σˆ j10 dt−∑
{ki}
g j∗i aˆ
†
i σˆ
j
20 dt
−dBˆ j†21σˆ j20− σˆ j†21 dBˆ j20− (σˆ j11− σˆ j00) dBˆ j10
(5.245c)
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Decay and excitation rates
Γ j00 = γ
j
10(N¯
j
10+ 1)+ γ
j
20 (5.246a)
Γ j11 = γ
j
21(N¯
j
21+ 1)+ γ
j
10N¯
j
10 (5.246b)
Γ j22 = γ
j
21N¯
j
21 (5.246c)
Γ j21 = γ
j
21(2N¯
j
21+ 1)+ γ
j
10N¯
j
10 (5.246d)
Γ j20 = γ
j
21N¯
j
21+ γ
j
20+ γ
j
10
(
N¯ j10+ 1
)
(5.246e)
Γ j10 = +γ
j
21
(
N¯ j21+ 1
)
+ γ j20+ γ
j
10
(
2N¯ j10+ 1
)
(5.246f)
5.3.1 On the nature of the QDSLD quantum state
Up to now, we are left with a set of coupled nonlinear Itô quantum stochastic differential
equations for all multiple radiation ASE modes as well as all populations and coherences for each
quantum dot system. This system of differential equations can be studied numerically in more de-
tail. However, at this point of the thesis, it is reasonable to incorporate experimental observations
of the quantum state of the QDSLD system in order to limit the following considerations to a
more specific physical problem by making some assumptions and approximations motivated by
the observed characteristics of the amplified spontaneous emission.
Due to the experimental measurements of the spectrum of highly incoherent broadband
radiation fields (see figure 3.3), we assume a vanishing expectation value, i.e. no coherent
amplitude of the ith ASE mode,
〈aˆi〉= 0. (5.247)
Furthermore, we assume that there are no correlations between different ASE field modes at the
same space-time event, so that the average value
〈aˆ†i aˆ j〉= niδi j (5.248)
is given by the photon number ni of mode i. We disregard correlations between the different
external channel radiation field modes as well as interactions between these external modes with
the intrawaveguide quantum dot bath modes. The occupation numbers as well as the decay rates
of the left- and right-hand side of the waveguide are assumed to be equal for all ASE field modes,
i.e. N¯βi = N¯
β with (β ∈ {L,R}) and γβi = γβ with β ∈ {l,r}.
D E C O R R E L AT I O N A P P ROX I M AT I O N Since the influence of a single quantum dot on the
ith mode of the multimode ASE radiation field is small, higher-order corrections are negligible by
decorrelating field and atomic operator [155], e.g.
〈aˆ†i
(
σˆ j22− σˆ j11
)
aˆ j〉 ≈ 〈aˆ†i aˆ j〉〈σˆ j22− σˆ j11〉 (decorrelation approximation). (5.249)
This separation into a product of second-order quantum dot and field variables is of course an
approximation, but nevertheless more realistic compared to a mean-field theory [156].
In addition, correlations between different QDs are negligible, so that in good approximation
〈σˆ j†21 σˆ j
′
21〉= 〈σˆ j11〉δ j j′ (5.250)
holds.
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A D I A BAT I C E L I M I NAT I O N We adiabatically eliminate coherences as dynamical variables
in the averaged QSDEs by replacing 〈σˆ j†21 aˆi〉 by its stationary solution 〈σˆ j†21 aˆi〉s. In doing so, we
apply the Ito product rule according to
d〈σˆ j†21 aˆi〉= 〈(dσˆ j†21 )aˆi〉+ 〈σˆ j†21 daˆi〉+ 〈(dσˆ j†21 )(daˆi)〉. (5.251)
Under consideration of equations (5.230) and (5.245a) as well as the mentioned decorrelation
approximation, we end up in an equation of motion
d〈σˆ j†21 aˆi〉
dt
= −
(
i∆ ji +
Γ j
2
)
〈σˆ j†21 aˆi〉+ g j∗i
(
ni(〈σˆ j11〉−〈σˆ j22〉)+ 〈σˆ j11〉
)
, (5.252)
with
Γ j ≡ R+ γ l + γr +Γ j21, (5.253)
where Γ j21 is defined in equation (5.246d) and detuning ∆
j
i = ∆i−δω j12 = ωi−ω j12, which again
results into a stationary solution of type
〈σˆ j†21 aˆi〉s =
g j∗i
(
ni(〈σˆ j11〉−〈σˆ j22〉)+ 〈σˆ j11〉
)
i∆ ji +
1
2Γ
j
≈ 〈σˆ j†21 aˆi〉 (adiabatic elimination). (5.254)
This approximation states, that the evolution of 〈σˆ j†21 aˆi〉 is slaved to that of the photon number ni
[157, 158]. Please note, that adiabatic elimination of the artificial atom coherences is appropriate
in case of good cavities. In general QDSLDs, having inhomogeneous gain medium and tilted
end facets, operate far away from the good-cavity regime. However, experimental results of the
second-order degree of coherence in terms of temperature highlight a considerable increase in
coherence, generally not expected in bad cavities. Therefore, as a first step we assume that the
concept of atomic adiabatic elimination is applicable.
5.3.2 Rate equations
A measured power spectrum reflects the behavior of the optical power as a function of
angular frequency. The power itself is directly related to the stationary photon number (see
equation (2.94)). Its dynamics is determined again by the rate equations of the system, whose
derivation is straightforward within the Itô formalism. Here, we only have to investigate the
average value of the QSDE of creation and annihilation operator products from the ASE field
mode according to (5.248) as well as the populations of the jth quantum dot, utilizing the
properties of the Itô increments (see appendix F). Applying all mentioned assumptions and
approximations introduced in section 5.3.1 as well as regarding the fact that the Itô increments
commute with the system operators at the same time, we find the rate equations of the QDSLD
system
n˙i =
M
∑
j=1
γG ji
(
niw j +σ j11
)− (γ l + γr)ni+ N¯L + N¯R,
σ˙ j22 = ∑
{ki}
γG ji
(
niw j +σ j11
)− (Γ j22+R)σ j22+ γ j21(N¯ j21+ 1)σ j11+ (R+ γ j20)σ j00,
σ˙ j11 = −∑
{ki}
γG ji
(
niw j +σ j11
)−Γ j11σ j11+ γ j10(N¯ j10+ 1)σ j00+ γ j21N¯ j21σ j22,
σ˙ j00 = −(Γ j00+R)σ j00+ γ j10N¯ j10σ j11+Rσ j22,
(5.255)
(5.256)
(5.257)
(5.258)
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with the inversion w j = 〈wˆ j〉= σ j11−σ j22 and the population of the ith level of the jth quantum
dot 〈σˆ jii〉= σ jii , which sum over all populations remains one, that is ∑2i=0σii = 1. The coupling
strength parameter, which we call cooperativity strength,
G ji ≡
1
γ
|g ji |2Γ j
∆ j2i +(Γ j/2)2
, Γ j ≡ R+ γ l + γr +Γ j21, (5.259)
assesses the relative importance of the coherent atomic field coupling strength g ji to the incoherent
processes represented by pump rates R, external damping rates γ l , γr and atomic decay rates Γ j21.
Referred to equation (5.259), this parameter is always positive and equal to or less than the so
called cooperativity parameter G ji,c, that is
G ji ≤ G ji,c with G ji,c ≡
4|g ji |2
γγ˜ j
, γ˜ j = min(γ l + γr,Γ j21), (5.260)
which classifies the coupling strength between the jth single QDs to the ith ASE field mode
according to [159]
G ji,c
{
< 1 weak interaction
> 1 strong interaction
. (5.261)
Later we will see that the frequency distribution of G ji determines effectively the shape of the
stationary photon number. Figure 5.17 (left) shows G ji as a function of scaled detunings ∆
j
i /γ
for varying pumping rates R = 0.1γ (red), R = 0.5γ (blue), R = γ (yellow), R = 5γ (green) and
R = 10γ (purple). Figure 5.17 (right) depicts G ji as a function of the incoherent pumping rate
R/γ for different detuning ∆ ji = 0 (red), ∆
j
i = 0.5γ (blue), ∆
j
i = γ (yellow), ∆
j
i = 5γ (green),
∆ ji = 10γ (purple). In both pictures we have chosen a quantum dot decay rate of γ
j
21 = 0.1γ .
R=0.1γ
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R=γ
R=5γ
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Figure 5.17: (left): Cooperativity strength G ji of mode i and quantum dot j as a function of
scaled detuning ∆ ji /γ for decay rate γ
j
21 = 0.1γ , coupling constant g
j
i = γ and pump
rates R = 0.1γ (red), R = 0.5γ (blue), R = γ (yellow), R = 5γ (green) and R = 10γ
(purple).
(right): G ji of mode i and quantum dot j as a function of scaled pumping rate R/γ
with decay rate γ j21 = 0.1γ , coupling constant g
j
i = γ as well as detunings ∆
j
i = 0
(red), ∆ ji = 0.5γ (blue), ∆
j
i = γ (yellow), ∆
j
i = 5γ (green) and ∆
j
i = 10γ (purple).
Please note that the coupling constant g ji is generally a function of detuning ∆
j
i . However in
figure 5.17 we assumed a slowly varying, approximately frequency independent coupling strength
of g j(∆ ji ) = g
j
i = γ . Figure 5.17 (left) shows Lorentzian shaped cooperativity strengths G
j
i with
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a maximum value at resonance, ∆ ji = 0, corresponding to the cooperativity parameter. For
increasing pumping rates R the distributions spread, that is the amplitude becomes smaller
whereas the width of G ji increases. In case of varying pumping rates (cf. figure 5.17 (right)),
this cooperativity strength first increases until it reaches its maximum value. Then, a decreasing
tendency for increasing pumping rates with asymptote at G ji = 0 is observable. For decreasing
detuning the maximum value of G ji decreases and is shifted to the left, simultaneously. It must be
pointed out, that negative values of R are not physically meaningful. Therefore, only G ji with
R> 0 have to be considered.
Obviously, the coupled nonlinear rate equation system (5.255)-(5.258) can be solved nu-
merically. However, we are interested in two limiting cases: a single ASE mode and a real
multimode radiation field interacting with identical QDs. Thereby, we assume vanishing thermal
occupation numbers N¯10 = 0 and N¯21 = 0, vanishing damping rate γ20 = 0, vacuum input fields,
i.e. N¯R = N¯L = 0, as well as equal external damping rates γ l = γr ≡ γ . The limiting case of a
single-mode field is analytically solvable, whereas the multimode case can be calculated in an
analytic way within an approximation. The following two subsections will deal with these special
cases.
5.3.2.1 Single-mode ASE field and identical quantum dots
A single-mode radiation field inside a QDSLD of equal QDs is didactically of great interest
as it offers the observation of the amplified spontaneous emission in a very simple, analytic
way. First, we discuss the model of a quasi-three-level laser system in order to define a laser
threshold. Later, we will see that this parameter is relevant to classify the ASE transition in a
QDSLD. Then, we study the QDSLD rate equations in absence of spontaneous emission. In order
to model broadband light of QDSLDs based on ASE, the investigation of a quasi-three-level
laser system and a QDSLD in absence of spontaneous emission sounds contradictory at a first
glance. However, we will see that the mentioned resulting parameters, laser threshold or rather a
critical pumping rate, are relevant to analyze the amplified spontaneous emission of a single-mode
QDSLD composed of M identical QDs.
Q UA S I - T H R E E - L E V E L L A S E R T H R E S H O L D To define a threshold condition for the
diode under study, which is relevant for further interpretation of the amplified spontaneous
emission in the semiconductor device, we neglect spontaneous emission processes occurring in
the rate equation of the intrawaveguide system (5.255)-(5.258). Furthermore, we assume that the
highest level |0〉 is pumped constantly, so that the time derivative of the upper level approximately
vanishes, σ˙00 ≈ 0, and the population of the highest level evolves much faster than σ11,σ22
or n. The pumping rate R is assumed to be significantly smaller than the decay rate γ10, R< γ10,
in a way that all charge carriers which are incoherently pumped to the energy level |0〉 relax
immediately to the first excited state |1〉. If this is the case, we talk about a quasi-three-level
laser system according to H. Haken [11]. The rate equations (5.255)-(5.258) reduce to 14
n˙ = MγGnw−2γn, (5.262)
σ˙22 = γGnw−Rσ22+ γ21σ11+Rσ00 (5.263)
σ˙11 = −γGnw− γ21σ11+ γ10σ00, (5.264)
σ˙00 = −(γ10+R)σ00+Rσ22, (5.265)
14 In case of a single-mode QDSLD composed of identical QDs, the index i in (5.255)-(5.258), which enumerates the
different radiating modes as well as the sum over all individual QDs, collapse.
5.3 I N T R AWAV E G U I D E Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S Y S T E M 97
with σ00+σ11+σ22 = 1 and the cooperativity strength
G =
1
γ
|g|2Γ
∆2+(Γ/2)2
, Γ = R+ 2γ+ γ21. (5.266)
Equation (5.265) and the additional requirement of an approximately constant highest level
population, σ˙00 ≈ 0, result in a population, σ00 ≈ Rσ22/(γ10+R), which can be directly inserted
into equations (5.263)-(5.264). From this follows a differential equation for the inversion,
w˙ = σ˙11− σ˙22 = (w21−w12)σ − (w12+w21)w−2γGnw, (5.267)
with σ = σ11 + σ22, w12 = γ21 and w21 = γ10R/(γ10 + R), which is in full agreement with
reference [11]. We further follow the concepts of H. Haken and consider only the system far away
from laser operation, so that the last term in equation (5.267) vanishes. The stationary inversion
in absence of the laser process defines the unsaturated inversion w0,
w˙≈ (w21−w12)σ − (w12+w21)w0 = 0 → w0 = w21−w12w21+w12σ . (5.268)
The stationary solution ws of the general differential equation (5.267) including laser operation
in terms of the new variable w0 reads
ws =
w0
1+ 2γGnw21+w12
. (5.269)
For an increasing photon number n, the stationary inversion ws becomes smaller compared to
the unsaturated inversion w0 which considers only relaxation and pumping processes, that is a
saturation of inversion sets in. Inserting equation (5.269) into the photon number equation of
motion (5.262) offers a nonlinear differential equation
n˙ = 2γn
(
MGw0
2+ 4γGnw21+w12
−1
)
, (5.270)
which has two fixed points at n∗1 = 0 and n
∗
2 = (w21 + w12)(MGw0 − 2)/(4γG). The first
solution n∗1 for the stationary photon number is the trivial one in which no laser operation sets
in. The second fixed point n∗2 is the physical interesting case. Here, a laser process is observable
provided that n∗2 > 0. Otherwise, we would have negative photon numbers which is physically
forbidden. n∗2 = 0 represents a bifurcation point, which defines a laser threshold at a critical
inversion
wc =
2
MG
. (5.271)
Applying linear stability analysis of nonlinear, deterministic, dynamic systems [158], we can
analyze the stability of the fixed points n∗1 and n
∗
2 by considering the value of the derivative of
f (n) = n˙ in terms of n, f ′(n) = d f (n)/dn, evaluated at the corresponding fixed points. If f ′(n∗)
is positive, then n∗ is unstable, whereas for negative f ′(n∗) the fixed point is stable,
f ′(n∗1) = γMGw0(1−
wc
w0
)
{
< 0 wc < w0 ⇒ n∗1 is stable fixed point
> 0 wc > w0 ⇒ n∗1 is unstable fixed point
, (5.272)
f ′(n∗2) = 2γ
(wc
w0
−1
){< 0 wc > w0 ⇒ n∗2 is stable fixed point
> 0 wc < w0 ⇒ n∗2 is unstable fixed point
. (5.273)
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Figure 5.18: Sketch of the stationary photon number ns as a function of unsaturated inversion
w0 showing a transcritical bifurcation with bifurcation point at critical inversion
w0 = wc.
As n∗1 = 0 exists for all inversion values w0, but changes its stability properties at the critical
point w0 = wc, it corresponds to a transcritical bifurcation as depicted in figure 5.18. The solid
line represents the stable path, whereas the dashed line symbolizes the unstable one. Thus, the
(stable) stationary photon number is given by
ns =
{
0 for w0 ≤ wc
(MGw0−2)(w21+w12)
4γG =
M
4γ (w0−wc)(w21+w12) for w0 > wc
. (5.274)
Obviously, the laser threshold tends to lower unsaturated inversion values for an increasing
number of QDs.
C R I T I C A L P U M P I N G R AT E W I T H O U T S P O N TA N E O U S E M I S S I O N Before consider-
ing the amplified spontaneous emission of the QDSLD, we will study the special case of absent
spontaneous emission [10, 11, 160], which is not applicable for the description of the diode
radiation but defines a critical pumping rate at which stimulated emission processes dominate.
The set of coupled equations of motion is given by equation (5.262)-(5.265). We find a stationary
photon number,
ns =
Rγ10− γ21(R+ γ10)−wc(γ10γ21+Rγ10+ 2Rγ21)
wc(2Gγγ10+ 3GγR)
≥ 0, ns(Rc) = 0 (5.275)
which defines a critical pumping rate Rc leading to a bifurcation with bifurcation point at R = Rc.
Clearly, there exists an analytic solution of Rc. However, the exact expression of this pumping
rate turns out to be uninspiring.
A M P L I FI E D S P O N TA N E O U S E M I S S I O N O F T H E Q D S L D In case of a single-mode ra-
diation field (N = 1) with frequency ω acting on each transition |1〉 ↔ |2〉 of M identical QDs
with transition frequency ω12, the equation of motion for the photon number and the atomic
populations including spontaneous emission processes read,
n˙ = MγG(nw+σ11)−2γn, (5.276)
σ˙22 = γG(nw+σ11)−Rσ22+ γ21σ11+Rσ00, (5.277)
σ˙11 = −γG(nw+σ11)− γ21σ11+ γ10σ00, (5.278)
σ˙00 = −(γ10+R)σ00+Rσ22. (5.279)
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Here, the sum of all populations is equal to one, σ00 +σ11 +σ22 = 1. The stationary solution
of the coupled nonlinear equation system can be obtained analytically. We find the stationary
quantum dot populations
σ s00 =
RγGns+R(γG+ γ21)
αns+β
, (5.280)
σ s11 =
γGns(R+ γ10)+Rγ10
αns+β
, (5.281)
σ s22 =
(R+ γ10)(γG(ns+ 1)+ γ21)
αns+β
, (5.282)
with α = γG(3R+2γ10) and β = γG(2R+ γ10)+ γ10γ21+R(γ10+2γ21) in terms of the station-
ary photon number given by
ns = a
(
1+
√
1+
b
a2
)
, (5.283)
with
a =
−γ21(γ10+R)+ γ10R−wc((γG+ γ21)(γ10+ 2R)+ γ10R)
2wcγG(3R+ 2γ10)
, b =
γ10R
wcγG(3R+ 2γ10)
.
This photon number depends on the internal damping rates γ10, γ21 of the QDs, the incoherent
pumping rate R, the laser threshold wc and the cooperativity strength G. Due to the condition of
positive photon numbers as well as equation (5.283) it is clear, that the parameter a has to be a
positive number, a> 0.
Figure 5.19 shows the stationary photon number ns as a function of the scaled incoherent
pumping rate R/γ for a single-mode radiation field interacting with M = 1000 identical QDs.
The internal damping rates are chosen to be γ21 = 0.1γ , γ10 = γ , the coupling constant is g = γ
and the detuning is given by ∆ = 0. Here, only pumping rates smaller than the external damping
cavity rate are considered, R < γ , motivated by experimental measurements and theoretical
parameter studies in terms of strong coupling cavity QED [161–163]. The red curve reflects the
analytical solution given by equation (5.283). The green, dashed line represents the stationary
photon number when neglecting spontaneous emission processes (cf. equation (5.275)), showing
a bifurcation with critical point at a pumping rate Rc = 0.111γ . The blue, dotted curve shows
the photon number of the single-mode field interacting with quasi-three-level QDs described by
equation (5.274). A comparison between the red and green curve points out, that the threshold of
the red line is smeared out and the typical amplified spontaneous emission behavior is visible in
agreement with experimental observations [107, 116, 164]. The blue line offers the same laser
threshold at pumping rate Rc and shows increasing deviations from the red and green line with
increasing pumping rate R.
Regarding the exact, stationary photon number as a function of pumping rate for increasing
detuning ∆, the laser threshold Rc,k (k = 1,2,3,4) tends to higher values of R. Figure 5.20
reflects this behavior for fix coupling constant g = γ , number of QDs M = 1000 and decay
rates γ21 = 0.1γ and γ10 = γ . Here, the detuning is chosen to be ∆ = 0 (red; critical pumping
rate Rc,1 = 0.111 γ), ∆ = 10γ (green; critical pumping rate Rc,2 = 0.138γ), ∆ = 15γ (blue;
critical pumping rate Rc,3 = 0.181γ) and ∆ = 20γ (orange; critical pumping rate Rc,4 = 0.271γ).
Obviously, for decreasing detuning, the slope of the stationary photon number as a function of
pumping rate R increases until saturation occurs.
A similar characteristic can be observed when studying the stationary photon number versus
pumping rate for a decreasing coupling constant and a fix detuning, as depicted in figure 5.21
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Figure 5.19: Stationary single-mode (N = 1) photon number ns versus incoherent pumping rate
R scaled with external damping rate γ . The single-mode radiation field is assumed to
interact with M = 1000 identical QDs. The red curve reflects the analytical solution
(5.283), the green, dashed line shows the photon number for the case of negligible
spontaneous emission (cf. equation (5.275)). The blue, dotted line exhibits the
standard laser equations for the photon number corresponding to the case of a
quasi-three-level laser system (cf. equation (5.274)) [11]. Here, the internal damping
rates are chosen to be γ10 = γ , γ21 = 0.1γ , the coupling constant is g = γ and we
assume a vanishing detuning, i.e. ∆ = 0. The critical pumping rate reaches a value
of Rc = 0.111γ .
with parameters γ21 = 0.1γ , γ10 = γ , ∆= 0 and M = 1000. The coupling constants are g= 0.06γ
(green; critical pumping rate Rc,1 = 0.262γ), g = 0.1γ (blue; critical pumping rate Rc,2 = 0.145γ)
and g = γ (red; critical pumping rate Rc,3 = 0.111γ). For a decreasing coupling constant g, the
laser threshold tends to higher values of R. In the strong coupling regime, where g γ , the
photon number for varying pumping rates follows the same behavior as in the case of g = γ
corresponding to the red, dashed curve in figure 5.21. Thus, within this microscopic model, the
photon number exhibits a "cut off" at g = γ .
5.3.2.2 Multimode ASE field
An analytical solution for the photon number of a multimode radiation field coupling to a
huge set of QDs is unfeasible. However, in case of identical dots, we can find an approximate
expression for the stationary photon number in terms of the external current. First, we consider
the rate equations of identical QDs coupled to a multimode radiation field,
n˙i = MγGi(niw+σ11)−2γni, (5.284)
σ˙22 = ∑
{ki}
γGi(niw+σ11)−Rσ22+ γ21σ11+Rσ00, (5.285)
σ˙11 = −∑
{ki}
γGi(niw+σ11)− γ21σ11+ γ10σ00, (5.286)
σ˙00 = −(γ10+R)σ00+Rσ22. (5.287)
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Figure 5.20: Stationary single-mode (N = 1) photon number ns versus scaled pumping rate R/γ
with fix coupling constant g = γ , number of QDs M = 1000, decay rates γ21 = 0.1γ ,
γ10 = γ and detuning ∆ = 0 (red; critical pumping rate Rc,1 = 0.111γ), ∆ = 10γ
(green; critical pumping rate Rc,2 = 0.138γ), ∆ = 15γ (blue; critical pumping rate
Rc,3 = 0.181γ) and ∆ = 20γ (orange; critical pumping rate Rc,4 = 0.271γ) with
corresponding critical pumping rates Rc.
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Figure 5.21: Stationary single-mode (N = 1) photon number ns versus scaled pumping rate R/γ
for vanishing detuning, i.e. ∆ = 0, parameters M = 1000, γ21 = 0.1γ , γ10 = γ and
varying coupling constant g = 0.06γ (green; critical pumping rate Rc,1 = 0.262γ),
g= 0.1γ (blue; critical pumping rate Rc,2 = 0.145γ) and g= γ (red; critical pumping
rate Rc,3 = 0.111γ).
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The photon number n is given by the sum of the N mode photon numbers ni,
n = ∑
{ki}
ni. (5.288)
In detailed balance [165], the stationary total photon number is determined by its zero temporal
derivatives formed by each mode, n˙ = 0 ↔ n˙i = 0. In order to solve the multimode problem
under consideration, we introduce an order parameter,
ϕ ≡ γ∑
{ki}
Ginsi , (5.289)
corresponding to the stationary number of photons for the diode system ns = ∑{ki} n
s
i , weighted
with the cooperativity strength Gi. According to equation (5.284), the ith mode photon number nsi
itself,
nsi (ϕ) =
σ s11(ϕ)
wci −ws(ϕ)
, wci =
2
MGi
, (5.290)
is a function of the order parameter ϕ with the stationary excited state and the inversion,
σ s11(ϕ) =
ϕ(γ10+R)+ γ10R
αϕ+β
, ws(ϕ) =
γ10R− (γG¯+ γ21)(γ10+R)
αϕ+β
. (5.291)
They depend significantly on the incoherent pumping rate R due to the definitions
G¯ = ∑
{ki}
Gi, α = 3R+ 2γ10, β = (γG¯+ γ21)(γ10+ 2R)+ γ10R, (5.292)
where G¯ is the sum over all N cooperativity strengths, Gi. By inserting equation (5.290) into
equation (5.289), we find a closed relation for the order parameter,
ϕ = ∑
{ki}
γGiσ s11(ϕ)
wci −ws(ϕ)
=
σ s11(ϕ)
ws(ϕ)
[
−γG¯+∑
{ki}
γGiwci
wci −ws(ϕ)
]
. (5.293)
The solution of ϕ and therefore the stationary photon number can be calculated numerically.
However, as a good approximation we can replace wci in the enumerator of the second term in the
brackets of equation (5.293) by the constant minimum laser threshold wcmin = 2/(MGmax) (cf.
equation (5.271)) with Gmax ≡ G(gi = 2/3 ·gmax,R) which is inverse proportional to the square
of the absolute maximum value of the coupling constant gmax. Equation (5.293) reduces to the
analytic expression
ϕ '− γG¯σ
s
11(ϕ)
ws(ϕ)
+wcmin
ϕ
ws(ϕ)
=
γ10R− γ21(γ10+R)−wcminβ
2wcminα
+
√(
γ10R− γ21(γ10+R)−wcminβ
2wcminα
)2
+
γG¯γ10R
wcminα
.
(5.294)
Thus, knowing all experimentally available parameters, we can specify the intrawaveguide photon
number (cf. equation (5.290)) of a light emitting QDSLD from microscopic considerations within
our approximation. It is not surprising that in case of equal cooperativity strength, Gi = G, the
analytic solution is exact.
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S M A L L C O O P E R AT I V I T Y S T R E N G T H : wci  |ws(ϕ)| Consider again the exact expres-
sion of the stationary photon number of mode i (see equation (5.290)) in terms of the order
parameter
nsi (ϕ) =
σ s11(ϕ)
wci −ws(ϕ)
=
σ s11(ϕ)
wci (1− w
s(ϕ)
wci
)
. (5.295)
In case of wci |ws(ϕ)|, that is the cooperativity strength is very small with Gi 2/(M|ws(ϕ)|),
the right-hand side of equation (5.295) corresponds to a geometric series as
nsi (ϕ) =
σ s11(ϕ)
wci
∞
∑
k=0
(
ws(ϕ)
wci
)k
=
σ s11(ϕ)
ws(ϕ)
∞
∑
k=1
(
Mws(ϕ)
2
)k
Gki =
∞
∑
k=1
ck(ϕ)Gki . (5.296)
In the first-order perturbation theory in Gi, all stationary quantum dot populations are independent
of ϕ , which in turn implies a coefficient ck independent of ϕ . Thus, the stationary photon number
of mode i reads
nsi (ϕ) ≈
∞
∑
k=1
ckGki . (5.297)
Within the regime of a small cooperativity strength, the stationary photon number of the ASE field
modes inside the diode system is specified by a polynomial in Gi and multiple ck. This solution is
not quite obvious. Concerning the set of coupled nonlinear differential equations (5.284)-(5.287),
one would expect a much more complex system behavior. In summary, small cooperativity
strengths result in stationary photon numbers in terms of angular frequency whose distributions
are dominated by the shape of Gi.
I N H O M O G E N E O U S C O U P L I N G Motivated by the experimental Gaussian power spectrum,
we study the stationary photon number ns as a function of the scaled incoherent pumping rate R/γ
for the special case of a radiation field composed of N = 10 modes interacting with M = 1000
identical QDs for a Gaussian shaped coupling constant with
g(∆i) = γ exp
(
−(∆i− ∆¯)
2
2σ2
)
. (5.298)
This photon number is plotted in figure 5.22 for a Gaussian coupling amplitude γ , expectation
value ∆¯ = 0 and width σ = γ . The damping rates and detuning are given by γ21 = 0.1γ , γ10 = γ
and ∆i = γi. The red line shows the numerical solution and the blue line is the approximated pho-
ton number (cf. equation (5.290)) depending on the order parameter ϕ given by equation (5.294).
The green line represents the stationary number of photons ns for negligible spontaneous emis-
sion in the sense of reference [10] with a critical pumping rate, Rc = 0.112γ . Obviously, the
approximate photon number agrees well with the exact solution for smaller values of R. For
R> 0.4γ , the deviation between the approximated and the exact solution increases in contrast to
the case of absent spontaneous emission processes (green line) approximating the exact solution.
Furthermore, depending on the values of the Gaussian distributed coupling constants gi of the
multimode radiation field, the deviation between the multimode and single-mode photon number
(black line) as a function of the pumping rate R is more or less significant. Here, the photon
number of the single-mode radiation field for increasing Rγ > 0.4γ becomes lager than in the
approximate multimode case. All four cases show saturation for sufficiently large pumping rate.
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Figure 5.22: Photon number ns versus incoherent pumping rate R scaled with external damp-
ing rate γ for a multimode radiation field composed of N = 10 modes, interacting
with M = 1000 identical QDs for Gaussian shaped coupling constant gi (see equa-
tion (5.298)) with amplitude γ , expectation value ∆¯= 0 and width σ = γ . We choose
the following parameter values: γ21 = 0.1γ , γ10 = γ , ∆i = γi. The red line is the
exact, numerically calculated photon number, the blue line shows the approximated
number of photons, the green line is the solution for the case of negligible sponta-
neous emission (SE) processes and finally the black curve shows the single-mode
(SM) photon number already depicted in figure 5.19. The critical pumping rate is
Rc = 0.112γ .
A P P ROX I M AT E S TAT I O NA RY P H OT O N N U M B E R Figure 5.23 shows the approximate
intrawaveguide photon number of a radiation field with N = 30 modes as a function of scaled
detuning ∆i/γ with Gaussian distributed coupling constants, described by equation (5.298),
having a mean value of ∆¯ = 3γ and a standard deviation of σ = 6γ . The external damping
rates are again γ21 = 0.1γ and γ10 = γ . The pumping rate was chosen to be R = 0.1γ (orange),
R = 0.3γ (blue), R = 0.5γ (red), R = 0.7γ (green) and R = γ (purple). The gain medium consists
of M = 104 QDs. For increasing pumping rates R, the number of photons increases. In addition,
for high pumping rates the distribution of ns approaches a Gaussian. Figure 5.24 illustrates this
statement by representing the approximate stationary photon number (red) for a pumping rate of
R = 0.5γ as a function of detuning ∆i/γ already shown in figure 5.23 and a Gaussian fit (blue),
nfit = nmaxe
− (∆−µ)2
2σ2 , (5.299)
with fit parameters σ = 4.43γ , nmax = 739.42 and µ = 15γ , substantiating the Gaussian nature
of the photon number. However, ns(∆i) exhibits a small deviation from the fitted Gaussian
distribution. Especially in the maximum range, the intrawaveguide photon number becomes
flatter than the Gaussian fit. Obviously, a Gaussian shaped coupling constant gives rise to a
Gaussian-like stationary photon number, which again brings us to the important predication that
the photon number is determined by the shape of the cooperativity strength Gi. Once more, this
statement becomes apparent by a direct comparison of the quantum model photon number with
the experimentally measured optical power spectrum.
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Figure 5.23: Approximate stationary multimode photon number nsi of the radiation field with
N = 30 modes versus scaled detuning ∆i/γ for pumping rates R = 0.1γ (orange),
R = 0.3γ (blue), R = 0.5γ (red), R = 0.7γ (green) and R = γ (purple). Here, the
coupling constants gi are Gaussian distributed (see equation (5.298)) with mean
value ∆¯i = 3γ and standard deviation σ = 6γ . The damping rates are chosen to be
γ10 = γ , γ21 = 0.1γ and the gain medium consists of M = 104 QDs.
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Figure 5.24: Approximate stationary multimode photon number nsi (red) of the radiation field
with N = 30 modes versus scaled detuning ∆i/γ for Gaussian distributed coupling
constants gi (see equation (5.298)) with mean value ∆¯i = 3γ and standard deviation
σ = 6γ . The damping rates are chosen to be γ10 = γ , γ21 = 0.1γ and the gain
medium consists of M = 104 QDs incoherently pumped with rate R = 0.5γ . The
blue line shows a Gaussian fit (see equation (5.299)) with fit parameters σ = 4.43γ ,
nmax = 739.42 and µ = 15γ .
Clearly, the multimode stationary photon number determined by the set of coupled differential
equations (5.284)-(5.287) can also be solved numerically, leading to a similar behavior when
considering the distribution in terms of frequency. This solution is presented in the next section
when studying the emission spectrum of light emitting QDSLDs.
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In summary, we presented a microscopic theory of QDSLDs which considers the specific
gain medium, formed by an inhomogeneous ensemble of QDs, as well as the special geometry of
the end facets. The former is modeled by M distinguishable three-level systems, incoherently
pumped with rate R and interacting with a multimode radiation field, which couples to the outside
by two beam splitters enclosing the active medium. The resulting rate equations of the system
were studied in detail for the special cases of a single-mode as well as a truly multimode radia-
tion field interacting with equal QDs inside the waveguide. The stationary photon number as a
function of pumping rate exhibited the typical ASE transition. Furthermore, assuming a Gaussian
cooperativity strength, the spectrum also showed a Gaussian-like distribution for varying angular
frequency, suggesting that the shape of this cooperativity strength dictates the shape of the power
spectral density. To proof this statement or rather our microscopic theory itself, the next section
deals with the theoretically predicted power spectrum measured by a single-photon detector
which allows a direct comparison with experimentally available data.
6
S P E C T RU M O F Q UA N T U M D OT S U P E R L U M I N E S C E N T D I O D E S
In the previous chapter we presented a microscopic theory of ASE of QDSLDs with particular
emphasis on the waveguide geometry and the gain medium. Motivated by the occurrence of hybrid
coherent light as a pure optical phenomenon, our physical ansatz was based on quantum optical
considerations. We had found QSDEs as well as rate equations which describe the dynamics
of each system operator of the many-body system and their corresponding average dynamics,
respectively. It turns out that the stationary solution of the photon number in terms of the
incoherent pumping rate portraits ASE correctly. Simultaneously, assuming a Gaussian coupling,
a Gaussian-like photon number distribution for varying frequency is observable. This suggests a
big advantage to model first-order correlations of hybrid coherent light due to the THz broadband
Gaussian shape of the optical power spectra measured in the lab. However, the properties of the
stationary photon number studied in section 5.3.2 corresponds to the intrawaveguide number
of photons. This quantity is physically not measurable and is particularly not equivalent to the
number of photons recorded by a detector. The following chapter deals with this problem by
studying the first-order temporal autocorrelation function or rather the power spectral density
outside the QDSLD system. In order to proof the validity of our theory for describing hybrid
coherent light, we compare the theoretical results with the experimental one.
6.1 T H E O RY O F T H E O P T I C A L P OW E R S P E C T RU M E M I T T E D
B Y Q D S L D S
The detection process for measuring the optical power spectrum is sketched in figure 6.1.
QDSLD
Eˆ1out
−L 0 zd
z
Figure 6.1: Sketch of the detection process to measure the optical power spectrum. The QDSLD
system of length L is located on the left-hand side and emits an electromagnetic
field Eˆ1out which is recorded by a spectrum analyzer at position z = zd .
Here, the QDSLD of length L emits an electromagnetic field which is measured by a spectrum
analyzer delivering the optical power spectrum. In chapter 5, we already investigated in detail the
spectral density of an empty diode without a gain medium. Therefore, we take on the main ideas
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and proceedings made in the previous sections and apply them to the case of a truly incoherent
QDSLD amplified by many quantum dots. According to the orientation of the output facets
shown in figure 5.11, channel 1 enters the diode system on the right hand side at z = 0. The
electric output field Eˆ1out is assumed to be guided in a single-mode fiber yielding to an radiation
field propagating along the z-direction in the sense of equation (5.199). It strikes the detector at
position z = zd .
Clearly, for calculating the temporal correlation function of the emitted QDSLD light, we need
the entire information about the dynamics of the single ASE modes as well as the populations and
coherences of the single QDs described by the QSDEs (5.230) and (5.244a)-(5.245c), respectively.
According to the Wiener-Khintchine theorem (cf. equation (2.95) and (2.97)), the output spectrum
corresponds to the Fourier transform of the temporal first-order autocorrelation function
G(1)(τ) = lim
t→∞
∫
Ad
dxdy 〈Eˆ1(−)out (x,y, t− zd/c0)Eˆ1(+)out (x,y, t− zd/c0+ τ)〉. (6.1)
The output radiation field Eˆ1out is specified in equation (5.199) with mode function defined
in (5.200). Regarding the expression of electric field (5.199), the first-order correlation func-
tion (6.1) is only a function of time difference τ [4, 49, 122] and the integrand is proportional to
the two-time correlation 〈bˆ†i,out(t)bˆ j,out(t ′)〉 with t < t ′ = t + τ .
Relying on the concept of the input-output formalism introduced in the previous chapter, the
output is related with the input and the internal field modes according to equation (5.206) or in
terms of Itô increments,
dBˆ1i,out(t) = dBˆi(t)+
√
∆νFT ri T
r
i (t)aˆi(t)dt, (6.2)
respectively, in which the input (cf. equation (5.207)),
dBˆi(t) = RriT
r2
i dBˆ
1
i (t)+R
r
iT
r
i R
r
i dBˆ
2
i (t)+R
r
i dBˆ
3
i (t), (6.3)
is given by a sum of the single input channels α = 1,2,3.
Thus, the two-time output average at time events t, t ′ with t < t ′ = t + τ reads
〈dBˆ†i,out(t)dBˆ j,out(t ′)〉=〈dBˆ†i (t)dBˆ j(t ′)〉+∆νFT ri T rj T r∗i (t)T rj (t ′)〈aˆ†i (t)aˆ j(t ′)〉dt dt ′
+
√
∆νFT ri T
r∗
i (t)〈aˆ†i (t)dBˆ j(t ′)〉dt
+
√
∆νFT rj T
r
j (t
′)〈dBˆ†i (t)aˆ j(t ′)〉dt ′.
(6.4)
It corresponds to the sum of two-time correlations of the input and the internal field operators as
well as correlations between the input and the intrawaveguide field amplitudes. Obviously, equa-
tion (6.4) depends significantly on the choice of the input. For example, input noise describable
by thermal states possesses an explicit temperature dependency. However, we suppose that the
choice of the input is not relevant for observing hybrid coherent light. For simplicity we choose
vacuum as an input. Therefore, the output field is directly related to the first-order autocorrelation
function of the ASE field modes at different time events t, t ′, according to
〈dBˆ†i,out(t)dBˆ j,out(t ′)〉= ∆νFT ri T rj T r∗i (t)T rj (t ′)〈aˆ†i (t)aˆ j(t ′)〉dt dt ′, t ′ > t. (6.5)
To evaluate the second-order moment of the intrawaveguide field modes on the right-hand side of
equation (6.5), we utilize the Itô QSDE (5.230) in terms of t ′. Multiplying from the left with the
creation operator aˆ†i (t) and taking the ensemble average results in
d〈aˆ†i (t)aˆm(t ′)〉t ′ =−
[
i∆m+
1
2
(γ lm+ γ
r
m)
]〈aˆ†i (t)aˆm(t ′)〉dt ′+ M∑
j=1
g j∗m 〈aˆ†i (t)σˆ j21(t ′)〉dt ′
−〈aˆ†i (t)dBˆLm(t ′)〉−〈aˆ†i (t)dBˆRm(t ′)〉,
(6.6)
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with the input noise operators (5.231)-(5.232). Due to causality (cf. equation (F.3)) the last two
terms in equation (6.6), describing correlations between the internal field amplitude at time t and
the input noise increments at future time t ′ > t, are equal to zero and the second-order moment
of the internal field amplitudes reduces to
d〈aˆ†i (t)aˆm(t ′)〉t ′ = −
[
i∆m+
1
2
(γ lm+ γ
r
m)
]〈aˆ†i (t)aˆm(t ′)〉dt ′+ M∑
j=1
g j∗m 〈aˆ†i (t)σˆ j21(t ′)〉dt ′. (6.7)
We can express the two-time correlation of the intrawaveguide amplitude and the ASE transition
operator of the jth quantum dot (last term in equation (6.7)) in terms of the average of the internal
radiation amplitudes at different time events by applying the decorrelation approximation and the
adiabatic elimination in analogy to section 5.3.1. Within these approximations the last term in
equation (6.7) reads
〈aˆ†i (t)σˆ j21(t ′)〉 ≈ ∑
{kr}
g jrw j(t ′)
(Γ j21+R)/2+ iδω
j
12
〈aˆ†i (t)aˆr(t ′)〉. (6.8)
This approximate solution can be directly inserted into equation (6.7) and the QSDE of the
two-time internal field modes is given by
d〈aˆ†i (t)aˆm(t ′)〉t ′ =−
[
i∆m+
γ lm+ γrm
2
−
M
∑
j=1
|g jm|2w j(t ′)
(Γ j21+R)/2+ iδω
j
12
]
〈aˆ†i (t)aˆm(t ′)〉dt ′
+
M
∑
j=1
∑
{kr}
r 6=m
g jrg
j∗
m w j(t ′)
(Γ j21+R)/2+ iδω
j
12
〈aˆ†i (t)aˆr(t ′)〉dt ′. (6.9)
Regarding the coupling matrix elements, we claim that off-diagonal elements are small compared
to the diagonal one. Accordingly, we neglect the last term in equation (6.9) in first-order pertur-
bation theory. Furthermore, we consider the last term in the brackets, which is proportional to the
time-dependent inversion w j(t ′) = w j(t + τ). For t→ ∞ this inversion tends to a constant value,
i.e. limt→∞〈wˆ j(t + τ)〉= w js = const.. As we are interested in the stationary power spectrum of
a QDSLD, we replace the time-dependent inversion in equation (6.9) by its stationary value w js
in good approximation. Equation (6.9) reduces to the expression
d〈aˆ†i (t)aˆm(t ′)〉t ′ ≈− (iχi+ηi) 〈aˆ†i (t)aˆm(t ′)〉dt ′, (6.10)
with the following abbreviations
χi = ∆i+
M
∑
j=1
|g ji |2w jsδω j12
((Γ j21+R)/2)2+ δω
j2
12
= ∆i+O(δω j12) ≈ ∆i, (6.11)
ηi =
γ li + γri
2
−
M
∑
j=1
|g ji |2w js(Γ j21+R)
(Γ j21+R)2/2+ 2δω
j2
12
=
γ li + γri
2
−2
M
∑
j=1
|g ji |2w js
Γ j21+R
+O(δω j12)
≈ γ
l
i + γri −ξi
2
, ξi = 4
M
∑
j=1
|g ji |2w js
Γ j21+R
.
(6.12)
In the last step of equations (6.11) and (6.12) we assumed a small frequency discrepancy δω j12 of
the jth quantum dot from the mean value ω¯12 so that all terms of the orderO(δω j12) are negligible.
A central assumption of broadband ASE was presented in section 5.3.1, in which we required
vanishing correlations between different field modes at equal time with 〈aˆ†i (t)aˆm(t)〉= ni(t)δim
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(cf. equation (5.248)). In this context we can formally integrate equation (6.10) so that the
intrawaveguide field correlation function is determined by
〈aˆ†i (t)aˆm(t ′)〉= ni(t)e−(iχi+ηi)(t
′−t)δim, t ′ > t. (6.13)
Finally, the correlation function of the output increments dBˆi,out (see equation (6.5)) at different
time events t, t ′ reads
〈dBˆ†i,out(t)dBˆ j,out(t ′)〉= ∆νFT r2i T r∗i (t)T ri (t ′)ni(t)e−(iχi+ηi)(t
′−t)δi j dt dt ′. (6.14)
Please note, that equation (6.14) corresponds to a two-time correlation function of the Itô
increments. In order to determine the optical power spectral density measured by the detector,
we have to calculate the second-order moment of the Heisenberg system operator bˆout at different
time events. However, this transition is quite obvious when considering the definition of a
quantum Wiener process (see equation (F.8)), where the Langevin-type temporal correlation can
be directly determined from the corresponding Itô equation (6.14) according to [139]
〈dBˆ†i,out(t)dBˆ j,out(t ′)〉= 〈bˆ†i,out(t)bˆ j,out(t ′)〉dt dt ′ (6.15)
⇒ 〈bˆ†i,out(t)bˆ j,out(t ′)〉= ∆νFT r2i T r∗i (t)T ri (t ′)ni(t)e−(iχi+ηi)(t
′−t)δi j. (6.16)
We assume a slowly varying transmission amplitude T βi (t) compared to the system’s amplitudes,
so that T βi (t) can be replaced by a constant T
β
i that is
T βi (t) ' T βi . (6.17)
Finally back-transformation to the original Heisenberg picture yields the discrete stationary
optical power spectrum
S(ω) =
C
pi
Re
∫ ∞
0
dτ G(1)(τ)eiωτ = ∑
{ki,k j>0}
ϒiϒj Re
∫ ∞
0
dτeiωτ〈bˆ†i,out(t)bˆ j,out(t + τ)〉t→∞
= ∑
{ki>0}
Piηi nsi
η2i +(ω−ωi)2
, ϒi =
√
2h¯c0ωi
∆ωiL
, Pi =
2h¯ωi∆νFc0T r2i |T ri |2
∆ωiL
(6.18)
with optical power Pi. Again, we consider equal external decay rates and transmission amplitudes
for all modes, that is γβi = γ
β ,T βi =T
β and T βi = T
β with β ∈ {l,r}. Furthermore, we demand
that the angular frequency appearing in the enumerator of equation (6.18) differs only slightly
from a mean value ω¯ so that we can set ωi ≈ ω¯ in good approximation. We suppose equal
frequency separation between adjacent modes, i.e. ∆ωi = ∆ω = (ωN/2−1−ω−N/2)/(N−1).
Within these approximations we find an optical spectrum,
S(ω) ≈ P ∑
{ki>0}
LΓi(ω−ωi) ns(ωi), P =
2h¯ω¯∆νFc0T r2|T r|2
∆ωL
, (6.19)
given by a convolution of a Lorentzian curve,
LΓ(ω) =
1
pi
Γ
(Γ/2)2+ω2
, Γ = γ l + γr−ξ ,
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with the stationary intrawaveguide photon number ns(ωi), which in turn was studied in detail
in section 5.3. In the continuous limit, the sum in equation (6.19) is replaced by an integral,
resulting into a continuous power spectrum of type1
S(ω) ≈ P
∆ω
∞∫
−∞
dω ′LΓ(ω−ω ′) ns(ω ′) . (6.20)
This closed expression of the power spectral density corresponds to a convolution of a Lorentzian
curve with the stationary internal number of photons. It permits a direct comparison with the
experimentally available power spectrum, which is examined in the following section.
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In theory, the spectral density is directly related to the internal stationary photon number of the
QDSLD under study. This result is of great relevance and allows a direct comparison with the
experimental data. In this section we will demonstrate that the experimentally measured optical
power spectrum is basically reflected by the intrawaveguide photon number described in detail in
chapter 5.
Figure 6.2 shows again the experimental power spectrum S(ω) (black) (cf. figure 3.3) together
with a Gaussian interpolation (green line),
Sfit(ω) =
S0√
2piσ
e−
(ω−ω¯)2
2σ2 ,
∫ ∞
−∞
dω Sfit = S0, (6.21)
and the numerical solution of the stationary internal photon number ns = ∑{ki} n
s
i (red, dashed
line) resulting from the rate equations (5.284)-(5.287) under the assumption of M = 104 identical
quantum dots. In addition, we use a Gaussian profile for the cooperativity strength2,
G(ω) = G0e
− (ω−ω¯)2
2σ2 . (6.22)
Other parameters which are included in this multimode theory are assumed to be well-known
and given by R = 0.5γ , γ10 = γ , γ21 = 0.1γ and γ l = γr = γ . Please note, that the fit parameters
of both, the Gaussian fit as well as the multimode stationary photon number, are effected by the
choice of this set of parameters, more precisely on the pumping rate R, the number of QDs M
and the damping rates γ10, γ21, γ l and γr.
FI T T I N G T H E O P T I C A L P OW E R S P E C T RU M The available experimental data provided
by S. Blumenstein were uncalibrated, that is information about the absolute values of the optical
power at different frequencies are lost. Only the spectral shape or rather the relative change in the
optical spectrum is available. Therefore, the main challenge is to fit the shape of S(ω) without
knowing the absolute values.
To be specific, we consider the change in the optical power spectrum of two adjacent frequen-
cies [166], ∆S(ωi), which is related to the differences of the logarithm. To demonstrate this, we
set
S(ωi+1) = S(ωi)+∆S(ωi) (6.23)
1 Here, the integration limits were extended to ±∞ which is valid regarding the frequency band [ω−N/2,ωN/2−1] in
which ns(ω) = 0 for ω > ωN/2−1 and ω < ω−N/2.
2 Please note, that the dimension of the amplitude S0 of the power spectral density fit and the cooperativity strength G0
are different. However, as the experimental data are not calibrated we choose arbitrary units.
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Figure 6.2: Experimental power spectrum S(ω) (black), Gaussian fit Sfit(ω) (green) analogous
to figure 3.3 and stationary intrawaveguide photon number ns(ω) (red, dashed) for
M = 104 identical QDs, pumping rate R = 0.5γ , decay rates γ10 = γ , γ21 = 0.1γ ,
γ l = γr = γ and Gaussian cooperativity strength G(ω) (cf. equation (6.22)) with fit
parameters listed in table 6.1.
with slight deviation ∆S(ωi). For ∆S(ωi) S(ωi) the logarithmic difference is written as
log(S(ωi+1))− log(S(ωi)) = log
(S(ωi+1)
S(ωi)
)
= log
(
1+
∆S(ωi)
S(ωi)
)
≈ ∆S(ωi)
S(ωi)
. (6.24)
It describes the percentage or relative change of S(ω) at two adjacent frequencies. Thus, the
change in the optical power spectrum,
∆S(ωi) = S(ωi) [log(S(ωi+1))− log(S(ωi))] , (6.25)
is proportional to the difference of the logarithm of the optical power spectrum at frequency ωi+1
and ωi.
Practically, the numerical solution of ns(ω) is investigated by solving the rate equations (5.284)-
(5.287) and using Newton’s method [167]. Then we calculate the difference of the relative changes
of the stationary photon number and the experimental values. Weighting this expression with the
experimental data itself defines a useful error measure
F(ns,S) =∑
i
[
S(ωi+1)
(
log
(ns(ωi+1)
ns(ωi)
)
− log
(S(ωi+1)
S(ωi)
))]2
, (6.26)
with the two distributions ns(ω) and S(ω) as an input. F(ns,S) is minimized by applying again
Newton’s method. The corresponding fit parameters as well as the sum of the square of the
residuals weighted by the total number of modes N of both the Gaussian fit and the stationary
photon number of the diode model are listed in table 6.1.
At first sight, both, the Gaussian fit as well as the numerical solution of the internal photon
number depicted in figure 6.2, fit the data in an excellent way revealing a THz broadband
power spectrum. Thus, the optical power spectrum of a QDSLD is primarily determined by the
internal stationary photon number itself, which is a basic insight. The Gaussian behavior of ns(ω)
suggests that the shape of the optical power spectrum is mainly specified by the intrawaveguide
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ω¯ (1015/s) σ (1012/s) S0,G0 (arb. units ) ∑{ki} r
2
i /N
Gaussian fit Sfit(ω) 1.506 7.286 S0 = 0.017 1.137 ·10−4
QDSLD model G(ω) 1.506 7.962 G0 = 2.467 ·10−4 0.526 ·10−4
Table 6.1: Fit parameters of the Gaussian fit and the photon number of the QDSLD model
with cooperativity strength G(ω) (see equation (6.22)) corresponding to the power
spectrum depicted in figure 3.3 and figure 6.2 as well as the normalized sum of the
squared residuals, ri.
photon number itself. However, this shape of the number of photons originates from the choice
of the cooperativity strength G(ω).
This perfect Gaussian behavior of the optical power spectrum is substantiated by plotting
∆S(ωi) [166]. Figure 6.3 shows ∆S(ωi) as a function of frequency ωi resulting from the ex-
perimental data (black line) and the Gaussian fit (green line). The red, dashed line corresponds
to the change of the modeled multimode stationary photon number ns(ωi). The antisymmetric
Data
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Figure 6.3: Change of the power spectrum (see figure 6.2) weighted with the experimental data
S(ωi) as a function of frequency ωi.
behavior is observable for the theoretical model of the intrawaveguide photon number as well as
for the optimal fitted Gaussian. Comparison between the red and green line exhibits very good
agreement.
In summary, the internal stationary photon number is significantly responsible for the shape of
the power spectrum. On the other hand, the distribution of the intrawaveguide photon number is
related to the cooperativity strength, G(ω), which we assumed to be of Gaussian shape described
by equation (6.22). In order to study their connection, we consider again the numerical solution
of the intrawaveguide photon number and the corresponding cooperativity strength for different
pumping rates R.
Figure 6.4 shows the internal photon number (red dashed line) with associated cooperativity
strength S˜0G(ω) (blue line) weighted with S˜0 = max(ns(ω))/G0 as a function of angular
frequency ω . Again, the gain medium is formed by M = 104 identical quantum dots with decay
rates γ21 = 0.1γ and γ10 = γ . The external damping rates are given by γ l = γr = γ . In case
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Figure 6.4: Numerical solution of the internal photon number (red dashed line) with associated
cooperativity strength S˜0G(ω) (blue line) weighted with S˜0 = max(ns(ω))/G0 as
a function of angular frequency with parameters M = 104, γ21 = 0.1γ , γ10 = γ and
γ l = γr = γ and pumping rate (a) R = 0.2γ and (b) R = 0.5γ .
of a small pumping rate R = 0.2γ (see figure 6.4(a)) the photon number and the cooperativity
strength agree very well. For an increasing pumping rate R = 0.5γ depicted in figure 6.4(b),
ns(ω) becomes more narrow-band compared to the Gaussian interpolation. Simultaneously, the
number of photons at the central frequency of both, Gaussian fit and multimode photon number,
increases by a factor of 4 compared to figure 6.4(a). This behavior can be traced back to an
increasing number of stimulated emission processes when operating sufficiently above the laser
threshold with a critical pumping rate of Rc = 0.111γ . Figure 6.5 shows the deviation of the
numerically calculated photon numbers form the Gaussian shaped cooperativity strength by
plotting ns(ω) as a function of G(ω) (red line). The green and blue line correspond to a linear
(x = 1) and quadratic (x = 2) fit, respectively, with
ns(ω) =
x
∑
k=0
ckGk(ω). (6.27)
0.00 0.05 0.10 0.15 0.20 0.25
0.00
0.05
0.10
0.15
0.20
0.25
G(ω)
n
s
(ω
)
(a) R = 0.2γ
0.0 0.2 0.4 0.6 0.8
0.0
0.2
0.4
0.6
0.8
G(ω)
n
s
(ω
)
(b) R = 0.5γ
Figure 6.5: Stationary intrawaveguide photon number ns(ω) as a function of cooperativity
strength G(ω) given by equation (6.22) for M = 104 identical quantum dots, de-
cay rates γ10 = 0.1γ , γ10 = γ , γ l = γr = γ and pumping rate (a) R = 0.2γ and (b)
R = 0.5γ . The red line is the numerical solution, the green and blue line show a linear
and quadratic fit, respectively.
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The fit parameters are listed in table 6.2.
ns = ∑2k=0 ckGk c0 c1 c2
R = 0.2γ 3.243×10−4 1.009 −
R = 0.5γ 7.30×10−3 1.047 −
R = 0.2γ 3.458×10−6 1.056 −0.208
R = 0.5γ 4.468×10−4 1.320 −0.348
Table 6.2: Linear and quadratic fit parameters of the polynomial photon number (see equation
(6.27)) belonging to the green (x = 1) and blue (x = 2) line in figures 6.5(a)-(b).
Whereas, figure 6.5(a) shows a linear slope, figure 6.5(b) offers a quadratic behavior. Obviously,
ns(ω) behaves like a polynomial in the cooperativity strength. This corresponds exactly to the
solution which we have found by studying the stationary intrawaveguide photon number for the
special case of a small Gi (cf. equation (5.297)). Figure 6.5 illustrates that this polynomial is
describable by equation (6.27) with x = 2 in good approximation. The internal stationary photon
number exhibits a simple dynamics, directly related to the cooperativity strength. This study
brings us to the perception that G(ω) and therefore the intrawaveguide dynamics determines the
spectral density, entirely. Thus, knowing all experimental parameters, we are able to reconstruct
each measured optical power spectrum of a QDSLD from microscopic considerations.
In summary, we showed that our quantum theory of light emitting quantum dot superlumines-
cent diodes allows to determine the electromagnetic output field striking the detector. First-order
temporal correlations were studied which are directly related to the optical power spectrum.
It turns out, that the stationary photon number fits the experimental data very well. Its shape
again depends significantly on the distribution of the cooperativity strength. This remarkable
agreement between our theory and experiment allows the hypothesis that we are able to replicate
each QDSLD spectra on the one hand. On the other hand, knowing the experimental data, we can
specify unknown, relevant parameters like coupling strength between quantum dot and ASE field
and so on.
The broadband behavior of the optical power spectrum is reflected by our theory correctly,
which is one of the main ingredients for an accurate description of hybrid coherent light. Please
remember, the hybrid coherent light phenomenon highlights its astonishing unusual character
in terms of the temporal central second-order degree of coherence within a finite temperature
regime showing a laser-like value of g(2)(0) = 1.33 which is in contrast to its first-order highly
incoherent character. The following chapter deals with the challenge of finding an explanation of
the occurrence of this reduced central second-order degree of coherence by taking into account a
broadband spectra, simultaneously.

7
P H OT O N S TAT I S T I C S O F Q UA N T U M D OT S U P E R L U M I N E S C E N T
D I O D E S
Photon statistics is a study about the statistical properties of radiation, which classifies light
sources in terms of their coherence properties and provides evidence to the quantum nature of
the considered radiation. The photon statistics is related to the second-order correlation function
as indicated in chapter 2. In general, this correlation is measured by standard HBT experiments.
As already mentioned, for the THz broad emission of QDSLDs with a coherence length of
some femtoseconds, this measurement technique is not available due to the finite temporal
resolution of commercial detectors. The invention of the two-photon detector by F. Boitier et
al. [29] circumvents this problem and delivers a competitive feasibility for measuring broadband
radiation. In particular, it allows for the analysis of the photon statistical properties of hybrid
coherent light, which exhibits a reduction of g(2)(0) at an external temperature T = 190 K (see
section 3.2).
To find an explanation of this unusual characteristic, this chapter is dedicated to the determina-
tion of the second-order correlation function of QDSLDs resulting from the microscopic field
theory studied in section 5. Within this context we analyze the central second-order degree of
coherence. The chapter ends with a discussion of the photon statistics of a single-mode QDSLD
with identical QDs.
7.1 T E M P O R A L S E C O N D - O R D E R C O R R E L AT I O N O F Q D S L D S
In this section we formally calculate the temporal second-order correlation function of light
emitted by a QDSLD, which is described by our microscopic theory presented in chapter 5. A
two-photon detector of finite cross-section area Ad is assumed to be located at the right-hand side
of the semiconductor device with distance zd in analogy to the previous chapter where we studied
the power spectrum (see figure 6.1). The electric field emitted by the QDSLD on the right-hand
side parallel to the z-direction is assumed to be guided into a single-mode fiber till it enters the
detector.
The positive frequency part of the electric field, which is measured by the two-photon detector
at z = zd  0, is given by (cf. equation (5.199))
Eˆ(+)out (r, t) = Eˆ
(+)
out (r, t)ey ≡ Eˆ1(+)out (x,y, t−
zd
c0
) ' ∑
{ki>0}
v˜i(x,y)bˆ1i,out(t−
zd
c0
)ey, (7.1)
with the mode functions (cf. equation (5.200))
v˜i(x,y) = i
√
h¯piωi
ε0V∆ωi
µ(x,y). (7.2)
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As discussed in section 2.3.2 the temporal second-order correlation function G(2)(r, t;r, t ′) and
the second-order degree of coherence g(2)(r, t;r, t ′) of the output radiation field with t < t ′
correspond to the fourth-order moments
G(2)(r, t;r, t ′) = 〈Eˆ(−)out (r, t)Eˆ(−)out (r, t ′)Eˆ(+)out (r, t ′)Eˆ(+)out (r, t)〉, (7.3)
g(2)(r, t;r, t ′) =
〈Eˆ(−)out (r, t)Eˆ(−)out (r, t ′)Eˆ(+)out (r, t ′)Eˆ(+)out (r, t)〉
〈Eˆ(−)out (r, t)Eˆ(+)out (r, t)〉〈Eˆ(−)out (r, t ′)Eˆ(+)out (r, t ′)〉
. (7.4)
To find an explicit expression of these physical quantities we utilize the input-output formalism
in equation (5.206). In the following, we choose vacuum as an input in analogy to the previous
chapter. It turns out, that the two-time correlation of the output operators only depends on the
correlation of the intrawaveguide field amplitudes as
〈bˆ1†i,out(t)bˆ1†k,out(t ′)bˆ1m,out(t ′)bˆ1n,out(t)〉= Ξikmn(t, t ′)〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉 (7.5)
with
Ξikmn(t, t ′) ≡ (∆νF)2T r∗i T r∗k T rmT rn T r∗i (t)T r∗k (t ′)T rm(t ′)T rn (t). (7.6)
The dynamics of the intrawaveguide field operators is described by the stochastic differential
equation (5.230). Inserting the solution (7.5) into the definition (7.3) and integrating over the total
cross-section of the detector Ad finally results into an expression of the temporal second-order
correlation function
G(2)(t; t ′) = ∑
{ki,kk ,km,kn>0}
wikmn(t, t ′)〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉, (7.7)
in which
wikmn(t, t ′) =
(
h¯pi
ε0L
)2√ ωiωkωmωn
∆ωi∆ωk∆ωm∆ωn
Ξikmn(t, t ′). (7.8)
Only stationary situations will be considered. Thus, the physical quantity of interest
G(2)(τ) = lim
t→∞G
(2)(t; t ′ = t + τ) (7.9)
is only a function of time delay τ = t ′− t > 0. In analogy to the previous section we assume
that the time-dependent transmission amplitude T ri (t) evolves slowly compared to the system’s
amplitudes, which results into an approximately constant transmission contribution so that,
Ξikmn(t, t + τ) ' Ξsikmn = (∆νF)2T r∗i T r∗k T rmT rn T r∗i T r∗k T rmT rn = const., (7.10)
wikmn(t, t + τ) ' wsikmn = const.. (7.11)
Thus, knowing the two-time, fourth-order moment of the internal field operators we can specify
the second-order correlation explicitly.
7.2 C E N T R A L S E C O N D - O R D E R D E G R E E O F C O H E R E N C E
In this section, we study the central second-order degree of coherence of a QDSLD with the help
of our microscopic model. The theoretical result could provide an explanation of the experimental
observation of the g(2)(0) reduction at a special temperature, which again grants more insight
into the quantum nature of light emitting diodes. Simultaneously, an explanation of the observed
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coherence properties of broadband QDSLDs could enable the establishment of novel light sources
possessing a wide range of applications for both commercial and fundamental purposes. It should
be noted that the general measure of the second-order degree of coherence g(2)(τ) as a function of
time delay τ , is also determinable (see appendix H). However, with regard to the hybrid coherent
light effect, we are focused on the analysis of the central second-order correlation function.
To specify this physical quantity of interest, we set up an Itô QSDE for the average of the
intrawaveguide field operators 〈aˆ†i aˆ†k aˆmaˆn〉. This differential equation can be determined by the
help of the QSDE of a single field amplitude given in equation (5.230) together with the Itô
product rule (F.20) or directly from the definition of an Itô QSDE (see equation (F.16)). In the
following we assume vacuum as an input, identical external decay rates for each mode i, γ li = γ l
and γri = γr, as well as uncorrelated input modes of different reservoirs, 〈dBˆL(†)dBˆR(†)〉 = 0.
Due to quantum causality and the fact that the increments commute with and are statistically
independent of the system operators at the same time [50], the stochastic differential equation
reads
d
dt
〈aˆ†i aˆ†k aˆmaˆn〉=−αikmn〈aˆ†i aˆ†k aˆmaˆn〉+
M
∑
j=1
(
g ji 〈σˆ j†21 aˆ†k aˆmaˆn〉+ g jk〈aˆ†i σˆ j†21 aˆmaˆn〉
+ g j
∗
m 〈aˆ†i aˆ†kσˆ j21aˆn〉+ g j
∗
n 〈aˆ†i aˆ†k aˆmσˆ j21〉
)
,
(7.12)
with
αikmn = i(∆m+∆n−∆i−∆k)+ 2(γ l + γr). (7.13)
We are left with the determination of correlations between quantum dot transitions and multimode
radiation field amplitudes of type 〈σˆ j†21 aˆ†k aˆmaˆn〉. First, we consider the second correlation term on
the right hand side of equation (7.12). With the help of the QSDE (5.230), equation (5.245a) and
the Itô rule (F.20) we get
d
dt
〈σˆ j†21 aˆ†k aˆmaˆn〉=−ϑ jkmn〈σˆ j†21 aˆ†k aˆmaˆn〉+∑
{kr}
g j∗r 〈wˆ jaˆ†r aˆ†k aˆmaˆn〉
+
M
∑
j′=1
(
g j
′
k 〈σˆ j†21 σˆ j
′†
21 aˆmaˆn〉+ g j
′∗
m 〈σˆ j†21 aˆ†kσˆ j
′
21aˆn〉+ g j
′∗
n 〈σˆ j†21 aˆ†k aˆmσˆ j
′
21〉
)
,
(7.14)
with
ϑ jkmn = −i(δω j12+∆k−∆m−∆n)+
1
2
(Γ j21+R)+
3
2
(γ l + γr). (7.15)
Approximations that were already introduced in connection with the rate equations (cf. sec-
tion 5.3.1) allow to simplify this first-order differential equation. We apply the decorrelation
approximation and neglect correlations between different QDs, so that 〈σˆ j†21 σˆ j
′
21〉= σ j11δ j j′ holds
(cf. equation (5.250)). Furthermore, we neglect squeezing effects, that is 〈aˆiaˆ j〉 = 〈aˆ†i aˆ†j〉 = 0
as well as counter-propagating contributions like 〈σˆ j†21 aˆ†k〉= 〈σˆ j21aˆk〉= 0. The single correlation
terms in equation (7.14) factorize to
〈wˆ jaˆ†s aˆ†k aˆmaˆn〉 ≈ w j〈aˆ†s aˆ†k aˆmaˆn〉, (7.16)
〈σˆ j†21 σˆ j
′†
21 aˆmaˆn〉 ≈ 〈σˆ j†21 aˆm〉〈σˆ j
′†
21 aˆn〉+ 〈σˆ j†21 aˆn〉〈σˆ j
′†
21 aˆm〉, (7.17)
〈σˆ j†21 aˆ†kσˆ j
′
21aˆn〉 ≈ σ j11nkδ j j′δkn+ 〈σˆ j†21 aˆn〉〈aˆ†kσˆ j
′
21〉. (7.18)
According to section 5.3.1 we adiabatically eliminate correlations of the quantum dot tran-
sition and the radiation field by setting the right-hand side of equation (7.14) equal to zero,
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d
dt 〈σˆ j
†
21aˆ
†
k aˆmaˆn〉 ≈ 0 and finally replacing the correlation by its stationary value. We obtain an
expression for the expectation value
〈σˆ j†21 aˆ†k aˆmaˆn〉 ≈
1
ϑ jkmn
{
∑
{kr>0}
g j∗r w
j〈aˆ†r aˆ†k aˆmaˆn〉+(g j∗m δkn+ g j∗n δkm)nkσ j11
+ g jkg
j∗
m g
j∗
n
[2(nmw j +σ j11)(nnw j +σ j11)
(i∆ jm+Γ j/2)(i∆
j
n+Γ j/2)
+
nkw j +σ
j
11
−i∆ jk +Γ j/2
( nnw j +σ j11
i∆ jn+Γ j/2
+
nmw j +σ j11
i∆ jm+Γ j/2
)]}
(7.19)
in terms of 〈aˆ†i aˆ†k aˆmaˆn〉 and lower-order moments. All other correlations arising in equation (7.14)
can be investigated in the same way. The differential equation of the fourth-order moment for
the radiation field amplitudes 〈aˆ†i aˆ†k aˆmaˆn〉 is listed in appendix G. However, we only consider
terms which are at most quadratic in the coupling constant which provides the major contribution
for weak coupling strengths. Accordingly, we neglect terms of the order of |g|4. Furthermore,
we claim that off-diagonal elements of type g ji g
j∗
j with i 6= j are small compared to the diagonal
ones. As a main result we find that the first-order differential equation of the internal expectation
value 〈aˆ†i aˆ†k aˆmaˆn〉 is determined by
d
dt
〈aˆ†i aˆ†k aˆmaˆn〉 ≈
[
−αikmn+α (2)ikmn
]
〈aˆ†i aˆ†k aˆmaˆn〉
+
M
∑
j=1
g ji
(
g j
∗
m
ϑ jkmk
+
g j
∗
n
ϑ jkkn
)
σ j11nk +
M
∑
j=1
g jk
(
g j
∗
m
ϑ jimi
+
g j
∗
n
ϑ jiin
)
σ j11ni
+
M
∑
j=1
g j
∗
m
(
g jk
ϑ j
∗
nkn
+
g ji
ϑ j
∗
nni
)
σ j11nn+
M
∑
j=1
g j
∗
n
(
g jk
ϑ j
∗
mkm
+
g ji
ϑ j
∗
mmi
)
σ j11nm,
(7.20)
with second-order energy shift
α (2)ikmn =
M
∑
j=1
(
|g ji |2
ϑ jkmn
+
|g jk|2
ϑ jimn
+
|g jm|2
ϑ j
∗
nki
+
|g jn|2
ϑ j∗mki
)
w j. (7.21)
The resulting stationary solution of the fourth-order moment of the internal field amplitudes reads
〈aˆ†i aˆ†k aˆmaˆn〉s =
∑Mj=1β
j
ikmn
αikmn−α (2)sikmn
, α (2)sikmn =
M
∑
j=1
(
|g ji |2
ϑ jkmn
+
|g jk|2
ϑ jimn
+
|g jm|2
ϑ j
∗
nki
+
|g jn|2
ϑ j∗mki
)
w js (7.22)
with
β jikmn =g
j
i
(
g j
∗
m
ϑ jkmk
+
g j
∗
n
ϑ jkkn
)
σ js11n
s
k + g
j
k
(
g j
∗
m
ϑ jimi
+
g j
∗
n
ϑ jiin
)
σ js11n
s
i
+ g j
∗
m
(
g jk
ϑ j
∗
nkn
+
g ji
ϑ j
∗
nni
)
σ js11n
s
n+ g
j∗
n
(
g jk
ϑ j
∗
mkm
+
g ji
ϑ j
∗
mmi
)
σ js11n
s
m.
(7.23)
Here, the labeling s emphasized the corresponding stationary solution of the considered physical
measure. Therefore, the temporal second-order correlation function and the temporal second-
order degree of coherence of a QDSLD with zero time delay are given by
G(2)(0) = ∑
{ki,kk ,km,kn>0}
wsikmn〈aˆ†i aˆ†k aˆmaˆn〉s, (7.24)
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g(2)(0) =
∑{ki,kk ,km,kn>0}w
s
ikmn〈aˆ†i aˆ†k aˆmaˆn〉s
∑{ki,kk>0}w
s
ikikn
s
i n
s
k
, (7.25)
with the average 〈aˆ†i aˆ†k aˆmaˆn〉s specified in equation (7.22). This temporal central second-order
degree of coherence depends on the stationary photon number ns which was already analyzed in
detail in section 5.3.2.
S P E C I A L C A S E : T H E R M A L L I G H T S O U R C E In order to check the general multimode
result of the central second-order degree of coherence (cf. equation (7.25)), we consider the
case of a QDSLD acting as a thermal light source. Here, we already know that g(2)(0) = 2 (see
section 2.3.4). This expected bunching effect has to be reflected by our theory. According to the
generalized Wick theorem (see appendix A), the fourth-order thermal average is
〈aˆ†i aˆ†k aˆmaˆn〉s = 〈aˆ†i aˆ†k〉s〈aˆmaˆn〉s+ 〈aˆ†i aˆm〉s〈aˆ†k aˆn〉s+ 〈aˆ†i aˆn〉s〈aˆ†k aˆm〉s
= nsi n
s
k (δimδkn+ δinδkm) .
(7.26)
Inserting equation (7.26) into equation (7.25) yields the predicted solution
g(2)(0) = 2. (7.27)
However, a realistic light-emitting QDSLD exhibits a reduced g(2)(0)-value within a certain
temperature regime measured by the central experiment [1]. We suppose that this phenomenon is
also included in our model solution (7.25). Thus, equation (7.25) together with the calculated
power spectral density (6.20) are the main ingredients for describing and interpreting the phe-
nomenon of hybrid coherent light from a theoretical point of view which in turn represents the
essence of the entire thesis. In this context, we have a closer look at the temporal second-order
degree of coherence (7.25) and study in the following the simple case of a single-mode QDSLD
composed of M identical quantum dots.
7.2.1 Single-mode QDSLD with identical quantum dots
The single-mode electric field emitted by the semiconductor device,
Eˆ(+)(r, t) = v˜(x,y)bˆ1out(t− z/c0)ey, (7.28)
is proportional to the quantized field amplitude bˆ1out(t), which again is related with the input and
the internal field operator via the input-output formalism (cf. equation (5.206))
bˆ1out(t) = bˆin(t)+
√
∆νFT rT r(t)aˆ(t). (7.29)
The stationary fourth-order moment of the internal radiation field (cf. equation (7.22)) reduces to
the simple, analytic expression
〈aˆ†aˆ†aˆaˆ〉s =
4M|g|2σ s11ns Re
( 1
ϑ
)
γ l + γr−2M|g|2ws Re( 1ϑ ) , ϑ = i∆+ 12 (γ21+R)+ 32 (γ l + γr). (7.30)
This expectation value depends explicitly on the internal stationary number of photons ns, the
inversion ws = σ s11−σ s22 and the quantum dot population σ s11 calculated in (5.281)-(5.283). For
vacuum input, the central second-order degree of coherence is
g(2)(0) =
〈aˆ†aˆ†aˆaˆ〉s
(〈aˆ†aˆ〉s)2 =
〈aˆ†aˆ†aˆaˆ〉s
ns2
=
4M|g|2σ s11 Re
( 1
ϑ
)
ns
(
γ l + γr−2M|g|2ws Re( 1ϑ )) . (7.31)
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Figure 7.1: Central second-order degree of coherence g(2)(0) as a function of the scaled pumping
rate R/γ for a single-mode QDSLD composed of M = 104 identical quantum dots
with coupling constant g = 0.01γ (M|g|2 = γ2), detuning ∆ = 1.8γ and line widths
γ l = γr = γ10 = γ , γ21 = 0.1γ .
Figure 7.1 shows g(2)(0) as a function of pumping rate R/γ in the weak coupling regime
with chosen parameters g = 0.01γ , γ l = γr = γ10 = γ , γ21 = 0.1γ , M = 104, ∆ = 1.8γ and
cooperativity parameter Gc = 0.004< 1 (cf. equation (5.260)). Obviously, an increasing pumping
rate highlights a reduction of the central second-order degree of coherence from g(2)(0) = 2
for R→ 0 to g(2)(0) = 1.36 at R = 3.55γ . For R > 3.55γ the measure g(2)(0) increases and
approaches a maximum value of limR→∞ g(2)(0) = 2.
Figure 7.2 illustrates g(2)(0) as a function of scaled detuning ∆/γ10 for M = 150 identical
quantum dots with coupling constant g = 7.8γ , pumping rate R = 1200γ as well as line widths
γ l = γr = γ , γ21 = 139γ and γ10 = 250γ . Due to the definition of equation (5.260), we are dealing
with a strong coupling system of large cooperativity parameter Gc = 121.68> 1. A reduction
of the second-order degree of coherence from 2 to 1.33 around zero detuning ∆ = 0 is clearly
observable for the chosen set of parameters. This behavior reminds us of the experimentally
observed g(2)(0) behavior of hybrid coherent light as a function of temperature. Also here, a
reduction from g(2)(0) = 2 to g(2)(0) = 1.33 was observed in the lab within the temperature
regime of about 190 K. The red dots are the corresponding experimental data extracted from
reference [1] (cf. also figure 3.6).
T E M P E R AT U R E - D E P E N D E N T D E T U N I N G This quite obvious equivalent qualitative be-
havior of g(2)(0) with regard to temperature and detuning is comprehensible regarding the general
semiconductor characteristic of a temperature dependent energy band gab [168]. Clearly, all
quantum dot decay rates and of course detunings as well as coupling constants are also functions
of temperature T . Based on this knowledge about the T dependency of the energy band gap in
semiconductors, a standard method in the lab for observing g(2)(0) as a function of detuning ∆
is based on a temperature tuning [169–171]. A. Kiraz et al. [172] showed that the T dependency
primarily effects the detuning rather than any line widths of the quantum dot system. Therefore,
from a theoretical point of view, changing of temperature is treated as being synonymous to
changing the detuning. All further parameters are assumed to be independent of T . Taking into
account this equivalence between T and ∆, highlights quite clearly a remarkable agreement
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Figure 7.2: (Blue): Central second-order degree of coherence g(2)(0) as a function of the scaled
detuning ∆/γ for a single-mode QDSLD composed of M = 150 identical quantum
dots with coupling constant g= 7.8γ (M|g|2 = 9126γ2), pumping rate R= 1200γ and
line widths γ l = γr = γ , γ21 = 139γ and γ10 = 250γ . (Red): Experimental data [1] of
central second-oder degree of coherence g(2)(0) versus temperature T (cf. figure 3.6).
between the experimental observation [1] and our quantum theory of QDSLDs (see figure 7.2). It
also implies that the physical effect provoking the occurrence of hybrid coherent light is included
within our microscopic model.
Please note, that we considered here a single-mode emitting QDSLD system. The fact that
here a reduced second-order degree of coherence is observable reveals that the physical effect of
noise suppression at a particular temperature regime is also included in the limiting single-mode
case. Nevertheless, a reduction of g(2)(0) is also theoretically predicted for the full multimode
theory. Thus, the hybrid coherent light phenomenon of being incoherent in first- and simultane-
ously coherent in second-order of correlation is presumably not a purely collective mode effect.
Naturally, the broadband spectral density of hybrid coherent light as visualized in figure 6.2
originates from the multimode character of the amplified spontaneous emission.
7.2.2 Physical explanation of the occurrence of hybrid coherent light
Our quantum theory reflects the key measurements of hybrid coherent light: a broadband
optical power spectrum (see figure 6.2) as well as a reduction of the central second-order degree
of coherence (see figure 7.2). Our modeling ansatz presented in chapter 5 is based on quantum
optical considerations. Semiconductor effects like the formation of excitons, polaritons etc. are
disregarded within our field theory. This essential fact suggests that hybrid coherent light is
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essentially a purely optical effect, which again permits the speculation that these novel states of
light are also reproducible in other optical devices. It is even conceivable that gas lasers operated
in the regime of the amplified spontaneous emission exhibit a reduced g(2)(0)-value, that is noise
suppression. A direct measurement of hybrid coherent light with other, suitable light sources
would prove our hypothesis.
Obviously, a reduction of g(2)(0) is observable for small coupling strengths and large incoher-
ent pumping rates. Due to this strong pumping mechanism, the system at resonance gets ’stiff’.
This effect is also observable in non-linear systems (cf. Van der Pol oscillator model [173]).
The system passes into saturation leading to a reduction of intensity fluctuations, which again
is noticeable in a reduced central second-order degree of coherence. Such a noise reduction
corresponds to classical squeezing [174]. Simultaneously, the power spectrum, determined by
the first-order temporal autocorrelation function, remains broadband.
Clearly, this single-mode discussion of g(2)(0) should be extended to the more realistic and
more exciting case of a truly multimode QDSLD for which a suppression of noise fluctuation is
also predicted.
In this section, we analyzed the central second-order degree of coherence of a light emitting
QDSLD. As a result of our microscopic theory, we found a general expression of g(2)(0) in terms
of the stationary photon number, excited state population and inversion. For the special case of a
single-mode QDSLD composed of identical quantum dots and a particular set of parameters a re-
duction of g(2)(0) as a function of detuning appeared. A direct comparison with the experimental
data highlighted a very good agreement, quantitatively. This fact illustrates that hybrid coherent
light is describable in the context of our quantum theory which again allows an interpretation of
the observed noise suppression of broadband QDSLDs at a particular temperature. It turns out
that the hybrid coherent light phenomenon is attributable to a saturation effect.
8
C O N C L U S I O N A N D O U T L O O K
Motivated by the unusual behavior at a special temperature regime observed in the experiment
[1], we investigated the emission and photon statistical properties of light emitting quantum dot
superluminescent diodes (QDSLDs). At about T = 190 K the field-correlation g(1)(τ) remained
highly incoherent with a spectral width of several THz, whereas the second-order correlation
g(2)(τ) reduced from 2 to 1.33. Thus, so-called hybrid coherent light is simultaneously incoherent
in first- and coherent in second-order correlation function.
To find an explanation of the occurrence of these novel states of light, we studied the amplified
spontaneous emission of the QDSLD [122]. We postulated a quantum state, a multimode phase-
randomized Gaussian (PRAG) state, which corresponds to a superposition of Gaussian states
with shifted complex amplitudes and randomized phases. This multimode quantum state reflected
the incoherent character of the broadband semiconductor device and revealed correct intensity
correlations. We determined temporal correlations analytically in terms of first- and second-
order, g(1)(τ) and g(2)(τ). A comparison with a feedback [121] and a mixed light experiment,
conducted by the Semiconductor Optics group of W. Elsäßer at TU Darmstadt highlighted an
overall good match. As a main result, we found that the second-order correlation depends on the
number of modes of the multimode amplified spontaneous emission field. Furthermore, mixing
light from a QDSLD with light emitted by a single-mode laser revealed tunable photon statistics
ranging from Poissonian to Gaussian distributions.
In the second part of the thesis, a microscopic theory of the amplified spontaneous emission
of broadband QDLSDs was formulated. This model of the diode considered the gain medium
to be composed of many distinguishable quantum dots, each one described by a three-level
system. They are embedded in a strong absorptive bulk material, which defines a waveguide.
In this context, the dissipative dynamics as well as gain and absorption of a single quantum
dot at room temperature was analyzed. The waveguide itself was represented by a cavity. The
waveguide’s output facets of typical QDSLDs are tilted and anti-reflection coated to guarantee
the suppression of longitudinal modes. This special geometry of the device was modeled by beam
splitters enclosing the active medium, which couples the internal field to the environment at the
same time. This three-component model of beam splitter - cavity - beam splitter was treated as a
cascaded system [139] in which the input of one system is simultaneously the output of the other
one. The broadband radiation inside the waveguide itself was described by a multimode quantized
electric field. We established quantum stochastic differential equations for the field amplitudes
and quantum dot operators as well as rate equations for the spectral densities and quantum dot
populations. We studied in detail the amplified spontaneous emission of a single-mode as well as
a multimode QDSLD in terms of the external pumping rate and frequency for the special case
of identical quantum dots. We applied the input-output formalism [144] under consideration
of boundary conditions to specify the output radiation field and the optical power spectrum
recorded by a single-photon detector. We found that this spectral density is a convolution of
the internal stationary photon number with a Lorentzian. A comparison with experimental data
highlighted good agreement. Therefore, our microscopic theory allows to reproduce measured
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QDSLD spectra. Also knowing the experimental data, we can specify relevant parameters which
are in general unavailable for these broadband semiconductor devices.
Based on our quantum theory of the QDSLD, we calculated the central second-order degree
of coherence g(2)(0). We found an explicit expression of this measure, which depends on the
internal spectra and the stationary quantum dot populations. Also in this context, we studied
the limiting case of a single-mode QDSLD with identical quantum dots. For a special set of
parameters we observed a reduction of g(2)(0) from 2 to 1.33 when the detuning has been
varied. Notice that changing the detuning is equivalent to changing the temperature [172]. This
quantitative agreement with experimental observations allowed an interpretation of the hybrid
coherent light phenomenon from a theoretical perspective. The occurrence of these novel states
of light can be traced back to a saturation effect resulting in noise suppression. Therefore, by the
help of our microscopic theory, we found an explanation for the observation of hybrid coherent
light of broadband emitting QDSLDs.
The presented microscopic description of the amplified spontaneous emission of QDSLDs is
based on pure quantum optical considerations. The semiconductor properties of the device were
disregarded within our theory. Considering these characteristics makes our theory more realistic.
Additionally, it could provide a precise connection between the detuning and the temperature.
Knowing this fundamental relation of these physical quantities allows to predict theoretically the
critical temperature at which hybrid coherent light is observable for an arbitrary QDSLD.
Up to now, we only observed a reduction of the second-order degree of coherence for the
special case of a single-mode QDSLD composed of identical QDs. For the multimode QDSLD
emission we expect the same behavior. However, g(2)(0) and of course g(2)(τ) as a function of
detuning for a broadband, multimode QDSLD described by our quantum theory has not been
studied yet. Naturally, this more realistic case should be necessarily analyzed in the context of
hybrid coherent light.
Our general quantum optical ansatz, which reflects a reduction of the g(2)(0)-value in terms of
temperature is extensible or even directly applicable to further commercial devices. It is even
conceivable, that such a noise suppression is also observable in multimode gas lasers operated
in the regime of the amplified spontaneous emission. This would encourage our hypothesis of
hybrid coherent light as a purely optical phenomenon and provides new insights into the quantum
nature of light emitting semiconductor devices.
Clearly, higher-order correlations are theoretically available and could be studied in detail
within the context of our quantum theory.
Especially for ghost imaging in which broadband, highly incoherent light sources are essential,
QDSLDs are a good choice [105]. In this context, beside the investigation of the temporal
properties of QDSLDs, the spatial correlations are also of interest which are predictable with our
quantum theory of light emitting QDSLDs.
A
W I C K T H E O R E M F O R B O S O N I C G AU S S I A N S TAT E S
The estimation of equal-time higher-order moments can become quite challenging. However,
for Gaussian states, there exists a useful mathematical rule which allows to overcome a direct
evaluation of these expectation values, known as generalized Wick theorem [175]. It states that
multiple operator averages factorize into a sum of (two-point) pairwise averages, which in turn
are more easy to handle. In particular, with regard to this thesis, we restrict our study to bosonic
operators.
Consider a set of operators Xˆ1, Xˆ2, ..., Xˆ2n corresponding to either bosonic annihilation, aˆi, or
creation operators, aˆ†i , of a set of harmonic oscillators with Hamilton operator
Hˆ =∑
i
h¯ωiaˆ†i aˆi . (A.1)
In thermal equilibrium the density operator of the system is given by
ρˆt =
e−β Hˆ
Z
, (A.2)
with partition function Z = Tr{exp(−β Hˆ)} and β = 1/(kBT ). The generalized Wick theorem
for equal-time multi-operator Gaussian averages with characteristic properties,
〈aˆi〉= 〈aˆ†i 〉= 〈aˆiaˆ j〉= 〈aˆ†i aˆ†j〉= 0, (A.3)
〈aˆ†i aˆ j〉= niδi j, 〈aˆiaˆ†j〉= (1+ ni)δi j, (A.4)
reads [176]
〈Xˆ1Xˆ2...Xˆ2n〉= 〈Xˆ1Xˆ2〉〈Xˆ3Xˆ4...Xˆ2n〉+ 〈Xˆ1Xˆ3〉〈Xˆ2Xˆ4...Xˆ2n〉+ ...+ 〈Xˆ1Xˆ2n〉〈Xˆ2Xˆ3...Xˆ2n−1〉. (A.5)
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T E M P O R A L C O R R E L AT I O N S O F P R AG & M I X E D L I G H T S TAT E S
In this appendix we represent detailed calculations of first-, second- and fourth-order moments,
first- and second-order temporal autocorrelation functions and the optical power spectrum of
the multimode phase-randomized Gaussian (PRAG) state. Finally, we study temporal first- and
second-order correlations of the mixed light state, introduced in chapter 4.
B.1 P R AG S TAT E S
B.1.1 First- and second-order moments
A multimode PRAG state is defined by the integral (cf. equation (4.6))
ρˆs =
1
(2pi)N
∫ 2pi
0
dφN Dˆ(γ)ρˆtDˆ†(γ), Dˆ(γ) = e∑
N
i=1(γiaˆ
†
i−γ∗i aˆi), γi = |γi|eiφi . (B.1)
Here, Dˆ(γ) is the multimode displacement operator acting on the thermal state,
ρˆt =
e−β Hˆ
Tr{e−β Hˆ} , Hˆ =
N
∑
i=1
h¯ωiaˆ†i aˆi . (B.2)
Applying the harmonic oscillator algebra [124],
Dˆ†(γ)aˆ jDˆ(γ) = aˆ j + γ j, (B.3)
the quantum mechanical average of the operator aˆi is given by
〈aˆi〉= Tr{aˆiρˆs}=
∫ 2pi
0
dφN
(2pi)N
Tr{aˆiDˆ(γ)ρˆtDˆ†(γ)}=
∫ 2pi
0
dφN
(2pi)N
Tr{Dˆ†(γ)aˆiDˆ(γ)ρˆt}
=
∫ 2pi
0
dφN
(2pi)N
Tr{(aˆi+ γi)ρˆt}= 〈aˆi〉t + |γi|
(2pi)N
∫ 2pi
0
dφNeiφi = 0.
(B.4)
Here, we utilized the cyclical permutability of the operators within the trace and a vanishing
first-order moment of the thermal state
〈aˆi〉t = 0 (B.5)
with new notation 〈...〉t = Tr{...ρˆt}.
In the same way, we can calculate the second moment under consideration of the unitarity of
the displacement operator
〈aˆ†i aˆ j〉= Tr{aˆ†i aˆ jρˆs}=
∫ 2pi
0
dφN
(2pi)N
Tr{aˆ†i aˆ jDˆ(γ)ρˆtDˆ†(γ)}
=
∫ 2pi
0
dφN
(2pi)N
Tr{Dˆ†(γ)aˆ†i Dˆ(γ)Dˆ†(γ)aˆ jDˆ(γ)ρˆt}.
(B.6)
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Again, we use the harmonic oscillator algebra in equation (B.3) and consider a zero first moment
of a thermal state. Additionally, we have to keep in mind that the second-order moment of a
thermal state defines a mean thermal occupation number with 〈aˆ†i aˆ j〉t = nT (ωi)δi j.
Thus, we find that the second moment of the PRAG state,
〈aˆ†i aˆ j〉=
∫ 2pi
0
dφN
(2pi)N
Tr{(aˆ†i + γ∗i )(aˆ j + γ j)ρˆt}
=
∫ 2pi
0
dφN
(2pi)N
(〈aˆ†i aˆ j〉t + γ j〈aˆ†i 〉t + γ∗i 〈aˆ j〉t + γ∗i γ j)
(B.5)
=
∫ 2pi
0
dφN
(2pi)N
(nT (ωi)δi j + |γi||γ j|ei(φ j−φi))
= nS(ωi)δi j with nS(ωi) = nT (ωi)+ nC(ωi),
(B.7)
corresponds to the sum of the occupation number nT (ωi) and the distribution nC(ωi) = |γi|2 of
mode i.
B.1.2 First-order correlation and power spectrum
The first-order temporal autocorrelation function with time delay τ is given by the electric
field average
G(1)(τ) =
∫
dxdy〈Eˆ(−)(r, t)Eˆ(+)(r, t + τ)〉=
∫
dxdy
N
∑
i, j=1
u∗i (r)u j(r)〈aˆ†i (t)aˆ j(t + τ)〉
=
N
∑
i, j=1
h¯
√ωiω j
2ε0L
ei(k j−ki)ze−i(ω j−ωi)te−iω jτ〈aˆ†i aˆ j〉.
(B.8)
In the last step we considered the definition of the mode function (4.2) as well as the normalization
condition (4.4). Under consideration of the solution of the second moment derived in the previous
section (cf. equation (B.7)), we get
G(1)(τ) =
N
∑
i=1
h¯ωi
2ε0L
e−iωiτnS(ωi) =
1
C
N
∑
i=1
psi e
−iωiτ , psi = p
c
i + p
t
i , (B.9)
with C and optical power pci , p
t
i defined in (2.59) and (4.14), respectively.
The spatially averaged temporal first-order degree of coherence is approximately given by the
ratio of the first-order temporal correlation and the equal-space-time first-order correlation
g(1)(τ) ' G
(1)(τ)
G(1)(0)
=
1
P
N
∑
i=1
psi e
−iωiτ , P =∑
i
psi =∑
i
pci + p
t
i , (B.10)
with total optical power P.
The power spectrum can be easily calculated by Fourier transforming the first-order temporal
autocorrelation function (B.8) according to
S(ω) =
C
2pi
Re
∫ ∞
−∞
dτ eiωτG(1)(τ) =
N
∑
i=1
1
2pi
∫ ∞
−∞
dτ ei(ω−ωi)τ psi =
N
∑
i=1
psiδ (ω−ωi). (B.11)
In the last step we utilized the integral representation of the delta function
δ (ω) =
1
2pi
∫ ∞
−∞
dt eiωt . (B.12)
B.1 P R AG S TAT E S 131
With the help of the Euler-Maclaurin formula (see appendix C), we can approximate the sum
over all modes of the discrete spectrum by an integral,
S(ω) =
N
∑
i=1
psiδ (ω−ωi) '
1
∆ω
∫ ωN
ω1
dω˜ ps(ω˜)δ (ω− ω˜), ps(ω) = pc(ω)+ pt(ω). (B.13)
Here,
∆ω =
ωN−ω1
N−1 (B.14)
describes the equal frequency separation between adjacent modes. An expansion of the lower and
upper integration limits [ω1, ωN ] to (−∞,∞) yields the optical power spectrum of light described
by a multimode PRAG state,
S(ω) ' 1
∆ω
∫ ∞
−∞
dω˜ ps(ω˜)δ (ω− ω˜) = p
s(ω)
∆ω
=
1
∆ω
(pc(ω)+ pt(ω)), (B.15)
which depends only on the contribution of the optical power pc(ω)∝ nC(ω) and pt(ω)∝ nT (ω).
B.1.3 Second-order correlation
The temporal second-order correlation function,
G(2)(τ) =
∫ ∫
dxdy〈Eˆ(−)(r, t)Eˆ(−)(r, t + τ)Eˆ(+)(r, t + τ)Eˆ(+)(r, t)〉
=
N
∑
i jlm=1
h¯2
√ωiω jωlωm
4ε20 L2
ei(kl+km−ki−k j)ze−i(ωl+ωm−ωi−ω j)te−i(ωl−ω j)τ〈aˆ†i aˆ†j aˆl aˆm〉,
(B.16)
is proportional to the fourth-order moment 〈aˆ†i aˆ†j aˆl aˆm〉. In analogy to the previous subsection, we
utilize the permutation rule of the trace as well as the properties of the harmonic oscillator Lie
algebra (B.3). We find that the average is given by
〈aˆ†i aˆ†j aˆl aˆm〉= Tr{aˆ†i aˆ†j aˆl aˆmρˆs}=
∫ 2pi
0
dφN
(2pi)N
Tr{aˆ†i aˆ†j aˆl aˆmDˆ(γ)ρˆtDˆ†(γ)}
=
∫ 2pi
0
dφN
(2pi)N
Tr{Dˆ†(γ)aˆ†i Dˆ(γ)Dˆ†(γ)aˆ†jDˆ(γ)Dˆ†(γ)aˆlDˆ(γ)Dˆ†(γ)aˆmDˆ(γ)ρˆt}
=
∫ 2pi
0
dφN
(2pi)N
Tr{(aˆ†i + γ∗i )(aˆ†j + γ∗j )(aˆl + γl)(aˆm+ γm)ρˆt}
(B.5)
=
∫ 2pi
0
dφN
(2pi)N
(〈aˆ†i aˆ†j aˆl aˆm〉t + γlγm〈aˆ†i aˆ†j〉t + γ∗i γ∗j 〈aˆl aˆm〉t + γ∗j γm〈aˆ†i aˆl〉t
+ γ∗j γl〈aˆ†i aˆm〉t + γ∗i γm〈aˆ†j aˆl〉t + γ∗i γl〈aˆ†j aˆm〉t + γ∗i γ∗j γlγm).
(B.17)
In the last step, we utilized vanishing expectation values for an odd amount of operators, which
is a consequence of the generalized Wick theorem (see appendix A). Additionally, we apply this
theorem to the fourth-order average of the field operators which results into a sum of products of
second-order moments according to
〈aˆ†i aˆ†j aˆl aˆm〉t = 〈aˆ†i aˆ†j〉t〈aˆl aˆm〉t + 〈aˆ†i aˆl〉t〈aˆ†j aˆm〉t + 〈aˆ†i aˆm〉t〈aˆ†j aˆl〉t . (B.18)
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Using the thermal characteristics of a second-order moment 〈aˆiaˆ j〉t = 〈aˆ†i aˆ†j〉t = 0 as well as
〈aˆ†i aˆ j〉t = nT (ωi)δi j we end up in a simple expression for the PRAG state fourth-order moment,
〈aˆ†i aˆ†j aˆl aˆm〉=nT (ωi)nT (ω j)(δilδ jm+ δimδ jl)+ nT (ωi)δil
∫ dφN
(2pi)N
|γ j||γm|ei(φm−φ j)
+ nT (ωi)δim
∫ dφN
(2pi)N
|γ j||γl|ei(φl−φ j)
+ nT (ω j)δ jl
∫ dφN
(2pi)N
|γi||γm|ei(φm−φi)
+ nT (ω j)δ jm
∫ dφN
(2pi)N
|γi||γl|ei(φl−φi)
+
∫ dφN
(2pi)N
|γi||γ j||γl||γm|ei(φl+φm−φi−φ j).
(B.19)
Inserting this solution into the second-order temporal correlation function (B.16) results in
G(2)(τ) =
N
∑
i j=1
h¯2ωiω j
4ε20 L2
[
(nT (ωi)nT (ω j)+ nT (ωi)|γ j|2+ nT (ω j)|γi|2+ |γi|2|γ j|2)
· (1+ e−i(ωi−ω j)τ)−|γi|4δi j
]
=
∣∣∣ N∑
i=1
h¯ωi
2ε0L
nS(ωi)
∣∣∣2+ ∣∣∣ N∑
i=1
h¯ωi
2ε0L
nS(ωi)e−iωiτ
∣∣∣2− N∑
i=1
( h¯ωi
2ε0L
nC(ωi)
)2
. (B.20)
Finally, the normalized second-order temporal correlation function reads
g(2)(τ) ' G
(2)(τ)
G(2)(0)
=
∣∣∣∑Ni=1 h¯ωi2ε0L nS(ωi)∣∣∣2+ ∣∣∣∑Ni=1 h¯ωi2ε0L nS(ωi)e−iωiτ ∣∣∣2−∑Ni=1( h¯ωi2ε0L nC(ωi))2∣∣∣∑Ni=1 h¯ωi2ε0L nS(ωi)∣∣∣2
= 1+
∣∣∣∑Ni=1 psi e−iωiτ ∣∣∣2
P2
− ∑
N
i=1 p
c2
i
P2
= 1+ |g(1)(τ)|2− ∑
N
i=1 p
c2
i
P2
.
(B.21)
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Consider a superposition of light emitted by an incoherent radiation with density operator (4.6)
and a laser, described by a coherent state with displacement operator Dˆ(α) obeying the harmonic
oscillator algebra
Dˆ†(α)aˆ jDˆ(α) = aˆ j +α j. (B.22)
Clearly, from (B.3) and (B.22) it follows the harmonic algebra of this mixed light
Dˆ†(γ+α)aˆ jDˆ(γ+α) = aˆ j +α j + γ j = Dˆ†(α)aˆ jDˆ(α)+ γ j
= Dˆ†(γ)Dˆ†(α)aˆ jDˆ(α)Dˆ(γ).
(B.23)
Therefore, the mixed light density operator considered in section 4.5 is determined by a product
of displacement operators according to
ρˆm =
1
(2pi)N
∫ 2pi
0
dφNDˆ(α)Dˆ(γ)ρˆtDˆ†(γ)Dˆ†(α) = Dˆ(α)ρˆsDˆ†(α). (B.24)
B.2.1 First-order correlation and power spectrum
Some experimentally available measures like intensities or first-order correlations are related
to the first-order moment
〈aˆ†i aˆ j〉= Tr{aˆ†i aˆ jρˆm}=
1
(2pi)N
∫ 2pi
0
dφN Tr{aˆ†i aˆ jDˆ(αk)Dˆ(γ)ρˆtDˆ†(γ)Dˆ†(αk)}
=
∫ 2pi
0
dφN
(2pi)N
Tr{Dˆ†(γ)Dˆ†(αk)aˆ†i Dˆ(αk)Dˆ(γ)Dˆ†(γ)Dˆ†(αk)aˆ jDˆ(αk)Dˆ(γ)ρˆt}
(B.23)
=
∫ 2pi
0
dφN
(2pi)N
Tr{(aˆ∗i + γ∗i +α∗i δik)(aˆ j + γ j +α jδ jk)ρˆt}
(B.5)
=
∫ 2pi
0
dφN
(2pi)N
(〈aˆiaˆ j〉t + γ∗i γ j + γ∗i α jδ jk +α∗i γ jδik + |αi|2δikδ jk)
= nS(ωi)δi j + |αi|2δikδ jk.
(B.25)
Obviously, this ensemble average is given by the sum of a thermal, incoherent and coherent
contribution, nT (ω), nC(ω), and |α|2. Thus, the first-order autocorrelation function of the mixed-
light state is determined by
G(1)(τ) =
N
∑
i=1
h¯ωi
2ε0L
(nS(ωi)δi j + |αi|2δikδ jk)e−iωiτ
=
1
C
N
∑
i=1
pmi e
−iωiτ , pmi = p
t
i + p
c
i + p
l
i = p
s
i + p
l
i
(B.26)
with laser power pli defined in (4.33). The temporal first-order degree of coherence in terms of
the total optical power Pm (see equation (4.32)) reads
g(1)(τ) ' G
(1)(τ)
G(1)(0)
=
C
Pm
G(1)(τ) =
1
Pm
N
∑
i=1
pmi e
−iωiτ . (B.27)
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The optical power spectrum of the mixed light is specified by the Fourier transform of the
first-order correlation (B.26),
S(ω) =
C
2pi
∫ ∞
−∞
dτ eiωτG(1)(τ) =
N
∑
i=1
pmi
1
2pi
∫ ∞
−∞
dτ ei(ω−ωi)τ =
N
∑
i=1
pmi δ (ω−ωi)
= Plδ (ω−ωk)+
N
∑
i=1
psiδ (ω−ωi).
(B.28)
Here, Pl is the total laser power defined in (4.33). In analogy to section B.1.2 we determine the
continuous power spectrum by replacing the sum in (B.28) by an integral,
S(ω) = Plδ (ω−ωk)+ p
s(ω)
∆ω
, (B.29)
with equally spaced integration intervals ∆ω .
B.2.2 Second-order correlation
The second-order moment of the mixed light state described by equation (B.24) can be
determined in the same way as in case of the first-order moment. We find
〈aˆ†i aˆ†j aˆl aˆm〉=nT (ωi)nT (ω j)(δilδ jm+ δimδ jl)+ nC(ω j)nT (ωi)(δ jmδil + δ jlδim)
+ nC(ωi)nT (ω j)(δimδ jl + δilδ jm)+ |αk|2nT (ωi)(δ jkδlkδim+ δilδ jkδmk)
+ |αk|2nT (ω j)(δikδmkδ jl + δikδlkδ jm)+ |αk|2nC(ω j)(δikδlkδ jm+ δikδmkδ jl)
+ |αk|2nC(ωi)(δ jkδmkδil + δ jkδlkδim)+ |αk|4δikδ jkδlkδmk
+
∫ 2pi
0
dφN
(2pi)N
|γi||γ j||γl||γm|ei(φl+φm−φi−φ j).
(B.30)
As a result, the temporal second-order degree of coherence is determined by
G(2)(τ) = |G(1)(0)|2+ h¯
2ε0L
[
|
N
∑
i=1
ωinT (ωi)e−iωiτ |2+ |
N
∑
i=1
ωinC(ωi)e−iωiτ |2
+ 2
N
∑
i, j=1
ωiω jnC(ω j)nT (ωi)cos(∆i jτ)
+ 2ωk|αk|2
N
∑
i=1
ωinS(ωi)cos(∆ikτ)
−
N
∑
i=1
(ωinC(ωi))2
]
.
(B.31)
Finally, we end up in a simple expression for the temporal second-order degree of coherence in
terms of the optical powers of the thermal and incoherent contributions as well as the optical
power of the laser,
g(2)(τ) ' G
(2)(τ)
|G(1)(0)|2 = 1+ |g
(1)(τ)|2− P
l2+∑Ni=1 pc2i
Pm2
, (B.32)
with
|g(1)(τ)|2 = 1
Pm2
[
Pl2+ |
N
∑
i=1
pci e
−iωiτ |2+ |
N
∑
i=1
ptie
−iωiτ |2 (B.33)
+ 2
N
∑
i, j=1
pcj p
t
i cos (∆i jτ)+ 2P
l
N
∑
i=1
psi cos (∆ikτ)
]
.
C
E U L E R - M AC L AU R I N S E R I E S
The Euler-Maclaurin formula approaches an arbitrary sum by its integral plus higher-order
corrections according to
N
∑
i=1
f (a+(i−1)∆) = 1
∆
∫ b
a
dt f (t)+
f (a)+ f (b)
2
+
M−1
∑
m=1
∆2m−1B2m
(2m)!
(
f (2m−1)(b)− f (2m−1)(a)
)
+RM.
(C.1)
In case of negligible residual RM, we find a series approximation of the order of M in terms of
Bernoulli numbers Bk as well as higher derivatives f (k). Here, ∆≡ (b−a)/(N−1) corresponds
to the width of N−1 equal spaced integration intervals [177, 178].
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This appendix deals with the derivation of an equation of motion for the reduced system’s
density operator known as master equation, an important tool for describing dissipative quantum
systems [32, 41, 42, 155, 179].
Figure 4.1 sketches the physical problem under study. The analysis of this problem, namely
the mathematical description of the interaction of a single driven quantum dot (small system)
with the large enclosing semiconductor medium (large reservoir), is the aim of this section.
HˆR
HˆS
Figure 4.1: Sketch of the small quantum dot system HˆS coupling to a reservoir HˆR.
The equation of motion in the Schrödinger picture, which characterizes the temporal dynamics
of the system, is the fundamental Liouville-von-Neumann equation,
ih¯
d
dt
ρˆ(t) =
[
Hˆ, ρˆ(t)
]
. (D.1)
It corresponds to an equation of motion for the density operator ρˆ . For simplicity, we consider
the Hamiltonian of the total, dissipative system in dipole and rotating wave approximation
Hˆ= HˆS+ HˆR+ HˆI. (D.2)
Here, the first term on the right hand side is the system Hamilton operator HˆS. We will see that the
exact knowledge of the expression for HˆS is irrelevant for the derivation of the master equation.
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Merely, it is required that the Hamiltonian is describable by excitation and deexcitation operators,
Sˆ† and Sˆ, defined by
LsSˆ = − ih¯
[
HˆS, Sˆ
]
= iω¯ Sˆ. (D.3)
Equation (D.3) states, that Sˆ and Sˆ† are eigen-operators of the LiouvillianLs, freely propagating
with eigenfrequency ω¯ in the absence of any interaction for example with the environment.
Certainly, this operator class can be generalized by considering a whole set of excitation and
deexcitation operators enumerated by an index i, {Sˆ†i , Sˆi }.
We assume a one-dimensional reservoir with Hamilton operator
HˆR =
∫ ∞
0
dω h¯ω bˆ†(ω)bˆ(ω), (D.4)
with annihilation and creation reservoir operators, bˆ(ω) and bˆ†(ω), satisfying the commutation
relation [
bˆ(ω), bˆ†(ω ′)
]
= δ (ω−ω ′). (D.5)
Please note that in contrast to the assumption of a discrete set of harmonic oscillators in equa-
tion (5.11) we choose a continuum of harmonic oscillators of frequency ω for the derivation of
the master equation. Thus, these operators have a dimension of s−1/2.
The Hamiltonian describing the interaction of the subsystem (S) with the reservoir (R) within
the rotating wave and dipole approximation,
HˆI = h¯
∫ ∞
0
dω
[
W (ω)Sˆ†bˆ(ω)+ h.c.
]
, (D.6)
depends on the coupling strength, W (ω), between the small system and the reservoir.
In order to eliminate irrelevant eigendynamics of the system and the reservoir, a transformation
into a convenient interaction picture is useful. Here, the interaction state |ψ(t)〉I is related with
the state vector in the Schrödinger picture |ψ(t)〉S by the transformation operator Uˆ
|ψ(t)〉I = Uˆ†(t) |ψ(t)〉S , Uˆ(t) = e−
i
h¯ (HˆS+HˆR)t . (D.7)
The total interaction Hamiltonian in terms of the detuning ∆ = ω− ω¯ reads
HˆI(t) = Uˆ†(t)HˆIUˆ(t) = h¯
∫ ∞
−ω¯
d∆
[
W (∆)Sˆ†bˆ(∆)+ h.c.
]≈ ih¯[Sˆ†Fˆ(t)− Fˆ†(t)Sˆ] , (D.8)
Fˆ(t) ≡−i
∫ ∞
−∞
d∆W (∆)bˆ(∆)e−i∆t . (D.9)
In the last step of equation (D.8), we extended the lower integration limit −ω¯ to −∞, which
is a good approximation as for optical systems, the eigenfrequency ω¯ is much larger than any
detuning, Rabi-frequency or other relevant system frequencies. The explicit time dependent
operator Fˆ(t) is called Langevin force. Note, that its integrand is proportional to the annihilation
operator bˆ(∆) of the bath. Thus, the Liouville equation in the interaction picture is
ih¯
d
dt
ˆ˜ρ(t) =
[
HˆI(t), ˆ˜ρ(t)
]
, (D.10)
with total interaction picture density operator ˆ˜ρ and Hamiltonian (D.8).
We are primarily interested in the dynamics of the system and not in the total temporal evolution
of system and reservoir. The state of the subsystem is described by the reduced density matrix,
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ρˆS, defined by the partial trace over all reservoir degrees of freedom of the Hilbert space HR,
ρˆS(t) = Tr R{ρˆ(t)}. At the initial time t = 0, the system ρˆS and the reservoir ρˆR are assumed
to be decorrelated. Thus, the state factorizes, ρˆ(0) = ρˆS(0)⊗ ρˆR(0). Taking the partial trace
over the reservoir degrees of freedom of equation (D.10) the resulting Liouville equation for the
system density operator is
ih¯
d
dt
ˆ˜ρS(t) = TrR
{[
HˆI(t), ˆ˜ρ(t)
]}
. (D.11)
This differential equation, depending on the density operator ˆ˜ρS as well as ˆ˜ρR, is not closed
and can therefore not be solved directly. In order to evaluate the trace on the right hand side of
equation (D.11), the evolution of ˆ˜ρR under the influence of the coupling has to be determined.
Assuming a weak coupling between the system and the reservoir, the total density operator
can be evolved perturbatively by iterating the formal solution of its equation of motion (D.10)
with t ≥ t ′,
ˆ˜ρ(t) = ˆ˜ρ(0)− i
h¯
∫ t
0
dt ′
[
HˆI(t ′), ˆ˜ρ(t ′)
]
. (D.12)
Due to the weak interaction, we can stop after the second iteration process. Subsequently,
resubstitution solution (D.12) into the equation of motion for the reduced density operator (D.11)
yields
d
dt
ˆ˜ρS(t) = − ih¯TrR
{[
HˆI(t), ˆ˜ρ(0)
]}− 1
h¯2
∫ t
0
dt ′ TrR
{[
HˆI(t),
[
HˆI(t ′), ˆ˜ρ(t ′)
]]}
, (D.13)
in which the first term on the right hand side is proportional to the mean value of the Langevin
force operator, 〈Fˆ(t)〉, and therefore equal to zero.
For finding a closed first-order differential equation for the subsystem, we rewrite the total
density operator according to
ρˆ(t) = ρˆS(t)⊗ ρˆR+(ρˆ(t)− ρˆS(t)⊗ ρˆR)︸ ︷︷ ︸
=δ ρˆ(t)
= ρˆS(t)⊗ ρˆR+ δ ρˆ(t). (D.14)
As we consider subsystems that are much smaller than the surrounding reservoir, their interaction
among each other do not really affect the dynamics of the large environment. For a reservoir
being in thermodynamic equilibrium, δ ρˆ(t) ρˆS(t)⊗ ρˆR holds and the total density operator in
decorrelation approximation reads
ρˆ(t) = ρˆS(t)⊗ ρˆR (decorrelation approximation), (D.15)
leading to a closed differential equation when inserting this ansatz into equation (D.13),
d
dt
ˆ˜ρS(t) =
∫ t
0
dt ′
[
(Sˆ ˆ˜ρS(t ′)Sˆ†− Sˆ†Sˆ ˆ˜ρS(t ′))〈Fˆ(t)Fˆ†(t ′)〉
+(Sˆ ˆ˜ρS(t ′)Sˆ†− ˆ˜ρS(t ′)Sˆ†Sˆ)〈Fˆ(t ′)Fˆ†(t)〉
+(Sˆ† ˆ˜ρS(t ′)Sˆ− SˆSˆ† ˆ˜ρS(t ′))〈Fˆ†(t)Fˆ(t ′)〉
+(Sˆ† ˆ˜ρS(t ′)Sˆ− ˆ˜ρS(t ′)SˆSˆ†)〈Fˆ†(t ′)Fˆ(t)〉
]
.
(D.16)
Here, terms proportional to 〈Fˆ(t)Fˆ(t ′)〉 or 〈Fˆ†(t)Fˆ†(t ′)〉 vanished in equation (D.16) due to the
assumption of a non-squeezed reservoir.
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To evaluate the force averages in equation (D.16), further assumptions regarding the reservoir
state have to be formulated. The choice of a canonical ensemble in thermodynamic equilibrium
with density operator
ρˆR(t) =
1
Z
e−β HˆR , Z = Tr
{
e−β HˆR
}
, β =
1
kBT
, (D.17)
is convenient. The Hamiltonian in the exponent, HˆR =
∫ ∞
0 d∆ h¯∆bˆ
†(∆)bˆ(∆), corresponds to
equation (D.4) transformed in the considered interaction picture. Such a canonical reservoir has
no mean-field component, no correlation between the modes and of course no squeezing, but a
non-vanishing lowest-order moment proportional to the mean-thermal occupation number (cf.
equation (2.76))
N¯(∆) = (eβ h¯(ω¯+∆)−1)−1, (D.18)
that is
〈bˆ(∆)〉= 〈bˆ(∆)bˆ(∆′)〉= 〈bˆ†(∆)bˆ†(∆′)〉= 0, (D.19)
〈bˆ†(∆)bˆ(∆′)〉= N¯(∆)δ (∆−∆′), 〈bˆ(∆)bˆ†(∆′)〉= (N¯(∆)+ 1)δ (∆−∆′). (D.20)
Therefore, the Langevin force averages occurring in equation (D.16) are given by
〈Fˆ(t)Fˆ†(t ′)〉=
∫ ∞
−∞
d∆ |W (∆)|2e−i∆(t−t ′)(N¯(∆)+ 1), (D.21)
〈Fˆ†(t)Fˆ(t ′)〉=
∫ ∞
−∞
d∆ |W (∆)|2e−i∆(t−t ′)N¯(∆). (D.22)
Inserting these correlations into the equation of motion for the system density operator (cf.
equation (D.16)) results into an integro-differential equation, which still remains difficult to solve
without further simplifications regarding the time integration.
The Markov approximation enables a conversion to a relatively simple expression. In order to
explain the main idea behind this important approximation, we introduce the complex memory
kernel,
K(t− t ′) ≡
∫ ∞
−∞
d∆ |W (∆)|2e−i∆(t−t ′) = [Fˆ(t), Fˆ†(t ′)] , (D.23)
equivalent to the Fourier transform of the square of the absolute value of the coupling con-
stant W (∆). Because W (∆) is a slowly varying function of detuning ∆, the memory kernel K(τ)
is sharply peaked at τ = 0 and vanishes rapidly for times t larger than the correlation time τc
of the reservoir fluctuations. In contrast, the system density operator ˆ˜ρS varies slowly for times
|t− t ′|< τc, so that the replacement ˆ˜ρS(t ′) ≈ ˆ˜ρS(t) is justified within the Markov approximation.
Therefore we can write for the integral∫ t
0
dt ′ K(t− t ′) ˆ˜ρS(t ′) ≈
∫ t
0
dt ′ K(t− t ′) ˆ˜ρS(t) = γ(t) ˆ˜ρS(t), γ(t) =
∫ t
0
dτ K(τ), (D.24)
with rate γ reaching its complex limiting value very quickly, so that the upper integration limit
can be extended to infinity in good approximation. Applying methods of complex analysis, it can
be shown, that the integral [155]
γ∞ = lim
tτc
γ(t) =
∫ ∞
0
dτ K(τ) = Γ+ iδω , (D.25)
is the sum of a damping rate Γ = pi|W (ω¯)|2 and an energy shift δω . Applying the Markov
approximation to the integro-differential equation (D.16) and subsequently back transforming
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into the initial Schrödinger picture results in a birth-death process [180], the master equation in
Lindblad form [132]
d
dt
ρˆS(t) = (LS+LR)ρˆS(t) . (D.26)
Here, the system Liouville operator,
LS ρˆS(t) = − ih¯
[
HˆS, ρˆS
]
, (D.27)
describes the unperturbed system. The damping Liouville operator,
LR ρˆS(t) = Γ( N¯(0)︸ ︷︷ ︸
stim. emission
+ 1︸︷︷︸
spon. emission
)(2SˆρˆS(t)Sˆ†− Sˆ†SˆρˆS(t)− ρˆS(t)Sˆ†Sˆ)
+ ΓN¯(0)︸ ︷︷ ︸
stim. absoption
(2Sˆ†ρˆS(t)Sˆ− SˆSˆ†ρˆS(t)− ρˆS(t)SˆSˆ†)
− i[δω Sˆ†Sˆ+ δωth [Sˆ†, Sˆ] , ρˆS(t)] , (D.28)
considers the coupling between the environment and the system, leading to dissipation captured
by relaxation rate Γ, energy shift δω as well as thermal energy shift δωth. These energy shifts
are defined by the principle part integrals
δω = −P
∫
d∆ |W (∆)|2/∆, (D.29)
δωth = −P
∫
d∆ |W (∆)|2N¯(∆)/∆. (D.30)
The latter depends on the thermal occupation number N¯(∆). The first term in the damping
Liouvillian (D.28) characterizes stimulated and spontaneous emission whereas the second one
specifies stimulated absorption processes.
For a set of system operators {Sˆi, Sˆ†i } equation (D.26) can be generalized by just summing over
all system operators with corresponding damping rates Γi and occupation numbers N¯i. Choosing
an appropriate renormalization of the energy shifts, the master equation for the reduced density
operator with several system operator components reads
d
dt
ρˆS(t) = − ih¯
[
HˆS, ρˆS
]
︸ ︷︷ ︸
LSρˆS(t)
+∑
i
Γi(N¯i+ 1)(2Sˆi ρˆS(t)Sˆ
†
i − Sˆ†i Sˆi ρˆS(t)− ρˆS(t)Sˆ†i Sˆi )
+∑
i
ΓiN¯i(2Sˆ†i ρˆS(t)Sˆi − Sˆi Sˆ†i ρˆS(t)− ρˆS(t)Sˆi Sˆ†i ). (D.31)
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The total electromagnetic field located at an arbitrary output port of the QDSLD is relevant in
order to describe the diode model. This physical problem is depicted in figure 5.1 and will be
examined in detail in this appendix. The following content is adapted from [50].
Aˆ(x, t)
x = 0
out
in
Figure 5.1: Input and output of a one-dimensional radiation field Aˆ(x, t) interacting with a system
at position x = 0.
The blue circle visualizes a system, described by the Lagrangian Lˆsys(Zˆ), which depends on
the vector Zˆ composed of a finite number of system operators. This system interacts with a heat
bath modeled by a one-dimensional electromagnetic field Aˆ(x, t) = Aˆ†(x, t). The full Lagrangian
in terms of the dynamical variables Aˆ and ˙ˆA can be written as
Lˆ(Aˆ(t), ˙ˆA(t)) = Lˆsys(Z)+
∫ ∞
0
dx Lˆ (Aˆ(x, t), ˙ˆA(x, t)) (E.1)
with Lagrangian density
Lˆ (Aˆ(x, t), ˙ˆA(x, t)) =
1
2
[
˙ˆA2(x, t)− c2(∂xAˆ(x, t))2
]
+ Xˆκ(x) ˙ˆA(x, t). (E.2)
Here, Xˆ = Xˆ† is a particular operator which interacts with Aˆ(x, t), c is the speed of light and
κ(x) ∈R determines the interaction domain. The canonical momentum is given by the sum of
the electromagnetic field and the product of the interaction and the system operator Xˆ ,
pˆi(x, t) =
∂Lˆ (x, t)
∂ ˙ˆA(x, t)
= ˙ˆA(x, t)+ Xˆκ(x). (E.3)
Therefore, the Hamiltonian of the total system is specified by
Hˆ = Hˆsys(Zˆ)+
∫ ∞
0
dx
(
pˆi(x, t) ˙ˆA(x, t)− Lˆ (x, t)
)
= Hˆsys(Zˆ)+
1
2
∫ ∞
0
dx
[
(pˆi(x, t)− Xˆκ(x))2+ c2(∂xAˆ(x, t))2
]
, (E.4)
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with system Hamiltonian Hˆsys corresponding to the system Lagrangian Lˆsys. Introducing Fourier
transform variables,
Aˆ(x, t) =
√
2
pic
∫ ∞
0
dω qˆ(ω , t)cos (ωx/c), (E.5)
pˆi(x, t) =
√
2
pic
∫ ∞
0
dω pˆ(ω , t)cos (ωx/c), (E.6)
κ(x) =
√
2
pic
∫ ∞
0
dω κ˜(ω)cos (ωx/c), (E.7)
equation (E.4) can be written as
Hˆ− Hˆsys(Zˆ) = 12
∫ ∞
0
dω
[
( pˆ(ω , t)− κ˜(ω)Xˆ)2+ω2qˆ(ω , t)2] . (E.8)
The new variables satisfy the commutation relation
[qˆ(ω , t), pˆ(ω ′, t) ] = ih¯δ (ω−ω ′). (E.9)
As a solution of the Lagrange equation,
d
dt
∂Lˆ
∂ ˙ˆq
− ∂Lˆ
∂ qˆ
= 0, (E.10)
we obtain an equation of motion for the heat bath operator Aˆ(x, t),
¨ˆA(x, t)− c2∂ 2x Aˆ(x, t) = −κ(x) ˙ˆX , (E.11)
corresponding to a wave equation in the presence of a source. To solve this differential equation,
destruction and creation operators are defined,
aˆ(ω , t) =
ω qˆ(ω , t)+ i pˆ(ω , t)√
2h¯ω
, aˆ†(ω , t) =
ω qˆ(ω , t)− i pˆ(ω , t)√
2h¯ω
, (E.12)
in terms of continuous canonical operators,
pˆ(ω , t) = i
√
h¯ω
2
(aˆ†(ω , t)− aˆ(ω , t)), qˆ =
√
h¯
2ω
(aˆ(ω , t)+ aˆ†(ω , t)). (E.13)
We differentiate the annihilation operator (cf. equation (E.12)) with respect to time t and consider
the Heisenberg equation of motion for the radiation field operators,
˙ˆq(ω , t) = pˆ(ω , t)−κ(ω)Xˆ , (E.14)
˙ˆp(ω , t) = −ω2qˆ(ω , t). (E.15)
Inserting equations (E.14)-(E.15) into the temporal derivatives of the annihilation operator results
in
˙ˆa(ω , t) =
ω ˙ˆq(ω , t)+ i ˙ˆp(ω , t)√
2h¯ω
= −iω aˆ(ω , t)−κ(ω)
√
ω
2h¯
Xˆ . (E.16)
This differential equation is solvable by formal integration in terms of initial, t0 < t, and analogous
of final time, t f > t > t0,
aˆ(ω , t) = aˆ(ω , t0)e−iω(t−t0)−κ(ω)
√
ω
2h¯
∫ t
t0
dt ′ e−iω(t−t
′)Xˆ(t ′). (E.17)
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The first term on the right-hand side describes the free oscillating behavior of the radiation
field and the second term characterizes the interaction with the system. Next, we introduce the
definition of input and output field operators,
Aˆin(t) ≡ 12
∫ ∞
0
dω
√
h¯
piωc
[
aˆ(ω , t0)e−iω(t−t0)+ aˆ†(ω , t0)eiω(t−t0)
]
, (E.18)
Aˆout(t) ≡ 12
∫ ∞
0
dω
√
h¯
piωc
[
aˆ(ω , t f )e−iω(t−t f )+ aˆ†(ω , t f )eiω(t−t f )
]
. (E.19)
Obviously, the input operator is a function of the initial time t0 whereas the output operator
depends on the final time t f . By rewriting qˆ(ω , t) in equation (E.5) with respect to the annihilation
and creation operator (cf. equation (E.13)) and subsequently applying equation (E.17) as well as
its Hermitian conjugate, the canonical operator in terms of the input field operator reads 1
Aˆ(x, t) =
√
h¯
pic
∫ ∞
0
dω
aˆ(ω , t)+ aˆ†(ω , t)√
ω
cos
(ωx
c
)
= Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
−
∫ t
t0
dt ′Xˆ(t ′)
√
2
pic
∫ ∞
0
dωκ˜(ω)cos(ω(t− t ′))cos
(ωx
c
)
= Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
− 1
2
∫ t
t0
dt ′Xˆ(t ′)
√
2
pic
∫ ∞
0
dωκ˜(ω)cos
(ωx
c
−ω(t− t ′)
)
− 1
2
∫ t
t0
dt ′Xˆ(t ′)
√
2
pic
∫ ∞
0
dωκ˜(ω)cos
(ωx
c
+ω(t− t ′)
)
= Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
− 1
2
∫ t
t0
dt ′Xˆ(t ′) [κ(x− c(t− t ′))+κ(x+ c(t− t ′))]
− 1
2
∫ t
t0
dt ′Xˆ(t ′)κ(x+ c(t− t ′)). (E.20)
In the last step, we used the definition of the Fourier transform of the coupling constant (see
equation (E.7)). Suitable substitution with cτ = x−c(t−t ′) in the upper first and cτ = x+c(t−t ′)
in the second integral of (E.20) yields
Aˆ(x, t) = Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
− 1
2
∫ x
c
x
c−(t−t0)
dτ κ(cτ)Xˆ
(
t +
(
τ− x
c
))
− 1
2
∫ x
c+(t−t0)
x
c
dτ κ(cτ)Xˆ
(
t− (τ− x
c
))
= Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
− 1
2
∫ x
c+(t−t0)
x
c−(t−t0)
dτ κ(cτ)Xˆ
(
t−|τ− x
c
|
)
.
(E.21)
In the same way, we can find an expression in terms of the output field,
Aˆ(x, t) = Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
− 1
2
∫ x
c+(t−t0)
x
c−(t−t0)
dτ κ(cτ)Xˆ
(
t−|τ− x
c
|
)
(E.22)
= Aˆout
(
t +
x
c
)
+ Aˆout
(
t− x
c
)
− 1
2
∫ x
c−(t−t f )
x
c+(t−t f )
dτ κ(cτ)Xˆ
(
t + |τ− x
c
|
)
. (E.23)
For x lying outside the interaction regime, τ < x/c for κ(cτ) 6= 0, the argument of Xˆ in the
integrand can be replaced by |τ − x/c| = x/c− τ . Additionally, we can set t0 and t f equal
1 A similar expression of Aˆ(x, t) in terms of the output operator can be found by using the solution of the annihilation
operator as a function of future time t f , following the same calculation as in case of initial time t0.
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to ±∞, provided that t0 is in the remote past and t f is in the remote future so that equation (E.22)
and (E.23) are simplified to
Aˆ(x, t) = Aˆin
(
t +
x
c
)
+ Aˆin
(
t− x
c
)
− 1
2
∫ ∞
−∞
dτ κ(cτ)Xˆ
(
t− x
c
+ τ
)
(E.24)
= Aˆout
(
t +
x
c
)
+ Aˆout
(
t− x
c
)
− 1
2
∫ ∞
−∞
dτ κ(cτ)Xˆ
(
t +
x
c
− τ
)
. (E.25)
Obviously, the canonical operator Aˆ(x, t) is given by the input and the output field operators at
retarded and advanced time, t− x/c and t + x/c, plus a convolution integral with an integrand
depending on κ and the system operator Xˆ . Equating the right-hand sides of (E.24) and (E.25)
and sorting it according to the two arguments t− x/c and t + x/c, we find a relation between the
input and output operator with respect to advanced time,
Aˆout
(
t +
x
c
)
= Aˆin
(
t +
x
c
)
− 1
2
∫ ∞
−∞
dτ κ(cτ)Xˆ
(
t +
x
c
− τ
)
. (E.26)
The solution is valid for a finite time t even if x are lying outside the interaction regime. Thus, we
can make the replacement t + x/c→ t and equation (E.26) simplifies to
Aˆout(t) = Aˆin(t)− 12
∫ ∞
−∞
dτ κ(cτ)Xˆ(t− τ). (E.27)
This result implies, that the output field is the sum of the incoming field and a radiating field
described by the integral expression, which depends explicitly on the system operator and is
therefore specified by the equation of motion of Xˆ . Thus, in case of x lying outside the interaction
regime, that is outside the range of κ(x), equation (E.24) can be written as
Aˆ(x, t) = Aˆin
(
t +
x
c
)
+ Aˆout
(
t− x
c
)
. (E.28)
The total field Aˆ(x, t) is given by the sum of the incoming field Aˆin(t + x/c) at advanced time
t + x/c and the outgoing field Aˆout(t− x/c) at retarded time t− x/c.
P O I N T W I S E L O C A L I Z E D I N T E R AC T I O N Consider the case of a negligibly small system
localized at position x = 0 which interacts with the electromagnetic field Aˆ(x, t) within a small
ε-region (such a system could be e.g. an atom). The pointwise localized coupling can be described
by a delta distribution
κ(x) = 2
√
γcδ (x). (E.29)
Its Fourier transform corresponds to a constant, frequency-independent coupling strength
κ˜(ω) =
√
2γ/pi , (E.30)
Equation (E.30) is the Markov approximation, discussed in appendix D. Inserting equation (E.29)
into the output relation (E.27) leads to the simple expression
Aˆout(t) = Aˆin(t)−
√
γ
c
Xˆ(t). (E.31)
The input field Aˆin(t) can be interpreted as noise input. The type of noise depends on the statistics
of the field amplitudes aˆ(ω , t0) and aˆ†(ω , t0) (see equation (E.18)). Obviously, their dependency
on the initial time t0 reveals that the choice of the input field is arbitrary, that is, Aˆin is not affected
by the system itself. In contrast, the output field described by equation (E.31) is specified by the
input noise and the small system.
F
Q UA N T U M S T O C H A S T I C P RO C E S S E S : I T Ô V S . S T R AT O N OV I C H
This appendix deals with the quantum white noise concept for quantum systems clearly for-
mulated by C. W. Gardiner and M. J. Collett [144]. After its formulation we define quantum
stochastic integral equations in terms of the quantum Wiener process corresponding to quantum
white noise. In close analogy to classical considerations, one can define two different integrals
named after their inventors K. Itô and R. Stratonovich, which again result into different quantum
stochastic differential equations (QSDEs) directly related with the quantum Langevin equation.
Additionally, we will study the relation between the Itô and Stratonovich QSDE and summarize
the main differences between them. We will see that the Itô version has some more mathematical
advantages compared to Stratonovich which in turn has more in common with physical consider-
ations. A detailed analysis of classical stochastic processes as well as the quantum mechanical
analog is written in reference [181] and [50, 144].
Consider an open, noisy system described by the system Hamilton operator Hˆs which linearly
couples to a heat bath of harmonic oscillators Hˆr described by the interaction Hamiltonian Hˆi,
that is the total Hamiltonian is given by
Hˆ = Hˆs+ Hˆr + Hˆi. (F.1)
From the knowledge of this Hamiltonian, we can specify the quantum Langevin equation by
formal integration (in terms of initial time) of the Heisenberg equations of motion for each
system operator and assuming an approximately constant coupling between system and reservoir
(Markov approximation). A detailed derivation of the quantum Langevin equation of an arbitrary
system operator aˆ with system Hamiltonian Hˆs in terms of the system operators cˆ, decay rates γ
and noise terms bˆin can be found in reference [50]. Here, we only will give the result
˙ˆa = − i
h¯
[
aˆ, Hˆs
]− [aˆ, cˆ† ](γ
2
cˆ+
√
γ bˆin
)
+
(γ
2
cˆ†+
√
γ bˆ†in
)
[aˆ, cˆ ] . (F.2)
Please note, the noise operators depend explicitly on initial time t0 < t (see equation (5.163)).
With the help of the input-output relation, the quantum Langevin equation can also be expressed
in terms of the output operator bˆout depending on the final time t f > t (see equation (5.176)).
Due to causality, the system operator aˆ(t) is independent of bˆin(t ′) for t ′ > t. Vice versa, aˆ(t) is
independent of bˆout(t ′) for t ′ < t, captured by the commutation relations[
aˆ(t), bˆin(t ′)
]
= −Θ(t− t ′)√γ [aˆ(t), cˆ(t ′) ] , (F.3)[
aˆ(t), bˆout(t ′)
]
= Θ(t ′− t)√γ [aˆ(t), cˆ(t ′) ] , (F.4)
which depend on the Heaviside function
Θ(t) =

1, t > 0
1
2 , t = 0
0, t < 0
. (F.5)
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Q UA N T U M W I E N E R P RO C E S S The quantum state of the operator bˆin determines the kind
of noise input of a system with Hamiltonian Hˆs. Quantum mechanically, there always exists
quantum noise due to zero-point fluctuations of the external input field. Depending on the system
under study, additional noises contributing to the total spectrum have to be considered. As
already mentioned, the idealized white noise input will be studied in detail within this appendix.
Compared to classical white noise theory, quantum white noise can be described by a density
operator resulting in delta-correlated expectation values,
〈bˆ†in(t)bˆin(t ′)〉= N¯δ (t− t ′), (F.6)
〈bˆin(t)bˆ†in(t ′)〉= (N¯+ 1)δ (t− t ′), (F.7)
depending on the constant value N¯. In analogy to classical stochastic methods one can define a
quantum Wiener process1 by the integral
Bˆ(t, t0) =
∫ t
t0
dt ′bˆin(t ′). (F.8)
From this definition, we find the commutation relation and expectation values for the Wiener
process [
Bˆ(t, t0), Bˆ†(t, t0)
]
= t− t0, (F.9)
〈Bˆ†(t, t0)Bˆ(t, t0)〉= N¯(t− t0), (F.10)
〈Bˆ(t, t0)Bˆ†(t, t0)〉= (N¯+ 1)(t− t0). (F.11)
Furthermore, the operators Bˆ(t, t0) have to reveal a Gaussian distribution with density operator
ρˆ(t, t0) = (1− e−β )exp
(
−β Bˆ
†(t, t0)Bˆ(t, t0)
t− t0
)
(F.12)
and mean occupation number
N¯ = (eβ −1)−1. (F.13)
The basic principles are established for formulating quantum stochastic integrations in terms of
Itô and Stratonovich which will be discussed in the next subsections.
F.1 I T Ô C A L C U L U S
Generally, for an arbitrary system operator Xˆ(t), the quantum Itô integral with time ordering
t0 < t1 < ...< tn = t is defined by
(I)
∫ t
t0
Xˆ(t ′)dBˆ(t ′) = lim
n→∞
n
∑
i=0
Xˆ(ti)
[
Bˆ(ti+1, t0)− Bˆ(ti, t0)
]
. (F.14)
For notational convenience we introduced the abbreviation (I) in order to distinguish between the
Itô and the Stratonovich formulation of stochastic integrals. One can verify that the increments
dBˆ(t), dBˆ†(t) commute with the system operator Xˆ(t),
(I)
∫ t
t0
Xˆ(t ′)dBˆ(t ′) = (I)
∫ t
t0
dBˆ(t ′)Xˆ(t ′), (F.15)
1 Classically, a Wiener process is described by a Fokker Planck equation with constant diffusion and zero drift term.
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as a result of equation (F.14) and quantum causality (F.3).
The Itô quantum stochastic differential equation (QSDE) of a system operator aˆ(t) in terms
of an arbitrary system operator cˆ with system Hamiltonian Hˆs is defined by
(I) daˆ = − i
h¯
[
aˆ, Hˆs
]
dt +
γ
2
(N¯+ 1)(2cˆ†aˆcˆ− aˆcˆ†cˆ− cˆ†cˆaˆ)dt
+
γ
2
N¯(2cˆaˆcˆ†− aˆcˆcˆ†− cˆcˆ†aˆ)dt−√γ [aˆ, cˆ† ]dBˆ(t)+√γ dBˆ†(t) [aˆ, cˆ ] (F.16)
with N¯ described by equation (F.13).
The Itô increments satisfy the identities
(dBˆ(t))2 = (dBˆ†(t))2 = 0, (F.17)
dBˆ(t)dBˆ†(t) = (N¯+ 1)dt, (F.18)
dBˆ†(t)dBˆ(t) = N¯dt. (F.19)
Furthermore, terms like dtdBˆ, dtdBˆ†, dt2 and higher orders are negligible, in direct analogy to
classical considerations. By the help of these relations, one can derive the Itô rules of calculus
d(aˆbˆ) = aˆdbˆ+(daˆ)bˆ+(daˆ)(dbˆ), (F.20)
which obviously does not agree with the ordinary calculus.
F.2 S T R AT O N OV I C H C A L C U L U S
The Stratonovich quantum stochastic integral is defined by
(S)
∫ t
t0
Xˆ(t ′)dBˆ(t ′) = lim
n→∞
n
∑
i=0
Xˆ(ti)+ Xˆ(ti+1)
2
[
Bˆ(ti+1, t0)− Bˆ(ti, t0)
]
, (F.21)
where (S) labels the Stratonovich version of a stochastic integral for an arbitrary system opera-
tor Xˆ . Please note, that this increment does not commute with Xˆ , which can be directly verified
by calculating the difference of the integrals under considerations of the causality condition (F.3)
(S)
∫ t
t0
Xˆ(t ′)dBˆ(t ′)− (S)
∫ t
t0
dBˆ(t ′)Xˆ(t ′) =
√γ
2
∫ t
t0
dt ′
[
Xˆ(t ′), cˆ(t ′)
]
. (F.22)
F.2.1 Connection between Itô and Stratonovich stochastic integral
In order to formulate the Stratonovich version of a quantum stochastic differential equation, it
is quite reasonable to study the connection between the integral definitions of Itô and Stratonovich.
In doing so, we rewrite equation (F.21) in terms of the mean time t¯i = (ti+ ti+1)/2, leading to
the integral equation
(S)
∫ t
t0
Xˆ(t ′)dBˆ(t ′) = lim
n→∞
[
n
∑
i=0
Xˆ(t¯i)
(
Bˆ(ti+1)− Bˆ(t¯i)
)
+
n
∑
i=0
Xˆ(t¯i)
(
Bˆ(t¯i)− Bˆ(ti)
)]
. (F.23)
In addition, we set
Xˆ(t¯i) = Xˆ(ti)+ dXˆ(ti), (F.24)
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where dXˆ(ti) is specified by equation (F.16) and
dti = t¯i− ti, (F.25)
dBˆ(ti) = Bˆ(t¯i)− Bˆ(ti), (F.26)
which will be valid to lowest order [144]. Thus, the Stratonovich stochastic integral (F.23) can be
written as
(S)
∫ t
t0
Xˆ(t ′)dBˆ(t ′) = lim
n→∞
[
n
∑
i=0
Xˆ(t¯i)
(
Bˆ(ti+1)− Bˆ(t¯i)
)
+
n
∑
i=0
Xˆ(ti)
(
Bˆ(t¯i)− Bˆ(ti)
)
−√γ
n
∑
i=0
[
Xˆ(ti), cˆ†(ti)
](
Bˆ(t¯i)− Bˆ(ti)
)(
Bˆ(t¯i)− Bˆ(ti)
)
+
√
γ
n
∑
i=0
[
Xˆ(ti), cˆ(ti)
](
Bˆ†(t¯i)− Bˆ†(ti)
)(
Bˆ(t¯i)− Bˆ(ti)
)]
.
(F.27)
Considering the identities (F.17)-(F.19), one can express the Stratonovich integral in terms of the
Itô integral (cf. equation (F.14)) via
(S)
∫ t
t0
Xˆ(t ′)dBˆ(t ′) = (I)
∫ t
t0
Xˆ(t ′)dBˆ(t ′)+
1
2
√
γ N¯
∫ t
t0
[
Xˆ(t ′), cˆ(t ′)
]
dt ′. (F.28)
In the same way, we find
(S)
∫ t
t0
Xˆ(t ′)dBˆ†(t ′) = (I)
∫ t
t0
Xˆ(t ′)dBˆ†(t ′)− 1
2
√
γ(N¯+ 1)
∫ t
t0
[
Xˆ(t ′), cˆ†(t ′)
]
dt ′, (F.29)
(S)
∫ t
t0
dBˆ(t ′)Xˆ(t ′) = (I)
∫ t
t0
Xˆ(t ′)dBˆ(t ′)+
1
2
√
γ(N¯+ 1)
∫ t
t0
[
Xˆ(t ′), cˆ(t ′)
]
dt ′, (F.30)
(S)
∫ t
t0
dBˆ†(t ′)Xˆ(t ′) = (I)
∫ t
t0
Xˆ(t ′)dBˆ†(t ′)− 1
2
√
γN¯
∫ t
t0
[
Xˆ(t ′), cˆ†(t ′)
]
dt ′. (F.31)
With these connections between the integral representations of both, Stratonovich and Itô, we
can specify the Stratonovich version of a quantum stochastic differential equation
(S) daˆ =− i
h¯
[
aˆ, Hˆs
]
dt− γ
2
([
aˆ, cˆ†
]
cˆ− cˆ† [aˆ, cˆ ])dt−√γ [aˆ, cˆ† ]dBˆ(t)
+
√
γdBˆ†(t) [aˆ, cˆ ]
(F.32)
This can be proven by inserting the integral representation implicitly into equation (F.32), that
is
(S)
∫ t
t0
daˆ =− i
h¯
(S)
∫ t
t0
[
aˆ, Hˆs
]
dt− γ
2
(S)
∫ t
t0
([
aˆ, cˆ†
]
cˆ− cˆ† [aˆ, cˆ ])dt
−√γ (S)
∫ t
t0
[
aˆ, cˆ†
]
dBˆ(t)+
√
γ (S)
∫ t
t0
dBˆ†(t) [aˆ, cˆ ] .
(F.33)
Using equation (F.28) and (F.31) in the second line of the Stratonovich equation (F.33) and
evaluating the commutators, we find
(I) daˆ =− i
h¯
[
aˆ, Hˆs
]
dt +
γ
2
(N¯+ 1)(2cˆ†aˆcˆ− aˆcˆ†cˆ− cˆ†cˆaˆ)dt
+
γ
2
N¯(2cˆaˆcˆ†− aˆcˆcˆ†− cˆcˆ†aˆ)dt−√γ [aˆ, cˆ† ]dBˆ(t)+√γ dBˆ†(t) [aˆ, cˆ ] . (F.34)
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The solution corresponds exactly to the Itô quantum stochastic differential equation (cf. equa-
tion (F.16)). Please note, that the Stratonovich QSDE (F.32) is again exactly the quantum
Langevin equation form [148] and therefore justifies Itô’s QSDE definition (F.16).
Furthermore, as a result of the Itô formalism, one can easily show that the Stratonovich version
obeys the usual rules of calculus according to
(S) d(aˆbˆ) = (daˆ)bˆ+ aˆdbˆ. (F.35)
F.3 F O R M U L AT I O N O F I T Ô Q S D E S
Upon introducing Itô and Stratonovich QSDEs we are left with the technical problem of
setting up an Itô QSDE from the knowledge of the total system described by the Hamiltonian
(F.1). Former considerations of this section highlights the equivalent form of the Stratonovich
equation and the quantum Langevin equation. Thus, from the knowledge of the quantum Langevin
equation (F.2) we can directly specify the Stratonovich QSDE with increment dBˆ= bˆindt yielding
exactly equation (F.32). On the other hand, we are allowed to directly determine the Itô QSDE
(F.16) from the knowledge of the Stratonovich form.
F.4 C O M PA R I S O N B E T W E E N I T Ô A N D S T R AT O N OV I C H
Table A1 summarizes relevant differences between the Itô and Stratonovich quantum stochastic
differential equations. For further information, please have a look at [50].
Itô QSDE (F.16) Stratonovich QSDE (F.32)
No natural physically motivated choice
Natural physical choice (equivalent to
Langevin equation)
Increments commute with system
operators
Increments do not commute with system
operators
Special calculus Ordinary calculus
No QSDE definition without knowledge
about N¯ and bath statistics
No integral equation definition without
knowledge about QSDE
A quantum white noise theory Also valid for non-white noise
Table A1: Comparison of Itô and Stratonovich QSDE [50].

G
D I F F E R E N T I A L E Q UAT I O N O F T H E F O U RT H - O R D E R M O M E N T
O F T H E Q D S L D F I E L D A M P L I T U D E S
In section 7.2 we analyzed the central second-order degree of coherence of light-emitting
QDLSDs based on our microscopic theory introduced in chapter 5. In this context, we set up
a differential equation for the internal field amplitudes 〈aˆ†i aˆ†k aˆmaˆn〉 (cf. equation (7.12)). This
equation of motion itself depends on further fourth-order moments in terms of quantum dot
coherences and field amplitudes. Their solutions are determined within the approximations listed
in section 5.3.1. In general these approximations result in the factorization of averages (see
equations (7.16)-(7.18)). The application of adiabatic elimination delivers the desired results,
which can be inserted directly into the first-order differential equation (7.12). We find the general
expression
d
dt
〈aˆ†i aˆ†k aˆmaˆn〉 ≈−αikmn〈aˆ†i aˆ†k aˆmaˆn〉+
M
∑
j=1
g ji g
j
kg
j∗
m g
j∗
n ξ
j
ikmn
+
M
∑
j=1
∑
{ks}
w j
[g ji g j∗s
ϑ jkmn
〈aˆ†s aˆ†k aˆmaˆn〉+
g jkg
j∗
s
ϑ jimn
〈aˆ†i aˆ†s aˆmaˆn〉
+
g j∗m g js
ϑ j∗nki
〈aˆ†i aˆ†k aˆs aˆn〉+
g j∗n g js
ϑ j∗mki
〈aˆ†i aˆ†k aˆmaˆs 〉
]
+
M
∑
j=1
[ g ji
ϑ jkmn
(g j∗m δkn+ g
j∗
n δkm)nk +
g jk
ϑ jimn
(g j∗m δin+ g
j∗
n δim)ni
+
g j∗m
ϑ j∗nki
(g jkδin+ g
j
i δkn)nn+
g j∗n
ϑ j∗mki
(g jkδmi+ g
j
i δkm)nm
]
σ j11
(G.1)
with
ξ jikmn =2λ
j
mλ
j
n
(
1
ϑ jkmn
+
1
ϑ jimn
)
+ 2λ j∗k λ
j∗
i
(
1
ϑ j∗nki
+
1
ϑ j∗mki
)
+λ j∗k λ
j
n
(
1
ϑ jkmn
+
1
ϑ j∗nki
)
+λ j∗k λ
j
m
(
1
ϑ jkmn
+
1
ϑ j∗mki
)
+λ j∗i λ
j
n
(
1
ϑ jimn
+
1
ϑ j∗nki
)
+λ j∗i λ
j
m
(
1
ϑ jimn
+
1
ϑ j∗mki
) (G.2)
and
λ ji =
niw j +σ j11
Γ j/2+ i∆ ji
. (G.3)
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In this appendix we specify the temporal second-order degree of coherence g(2)(τ) of our
modeled QDSLD. In doing so, we first set up a fourth-order moment QSDE for the field operators
with regard to time t ′ > t, 〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉t ′ , emphasized by the index t ′ at the bottom
right of the quantum average bracket, 〈...〉t ′ . We apply the Itô derivation rule with respect to t ′
(see equation (F.20)) and find
d〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉t ′ =〈aˆ†i (t)daˆ†k(t ′)aˆm(t ′)aˆn(t)〉+ 〈aˆ†i (t)aˆ†k(t ′)daˆm(t ′)aˆn(t)〉
+ 〈aˆ†i (t)(daˆ†k(t ′))(daˆm(t ′))aˆn(t)〉.
(H.1)
Considering quantum causality and the fact that the increments commute with and are statistically
independent of the system operators at the same time [50], the first term on the right-hand side of
equation (H.1) under the assumption of vacuum input reads
〈aˆ†i (t)daˆ†k(t ′)aˆm(t ′)aˆn(t)〉=
[
i∆k− γ
l + γr
2
]
〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉dt ′
+
M
∑
j=1
g jk〈aˆ†i (t)σˆ j†21 (t ′)aˆm(t ′)aˆn(t)〉dt ′.
(H.2)
The second term in equation (H.1) is determined in the same way whereas the last term vanishes
under consideration of absent correlations between left and right bath modes, 〈dBˆL(†)dBˆR(†)〉= 0,
as well as vacuum input. Equation (H.1) can be written as
d〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉t ′ =−
[
i(∆m−∆k)+ γ l + γr
]
〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉dt ′
+
M
∑
j=1
[
g jk〈aˆ†i (t)σˆ j†21 (t ′)aˆm(t ′)aˆn(t)〉
+ g j
∗
m 〈aˆ†i (t)aˆ†k(t ′)σˆ j21(t ′)aˆn(t)〉
]
dt ′.
(H.3)
This solution includes averages between quantum dot transitions and field operators. We consider
the second correlation term in equation (H.3), which is described by the QSDE
d〈aˆ†i (t)σˆ j†21 (t ′)aˆm(t ′)aˆn(t)〉t ′ =−
(
i∆ jm+
Γ j
2
)
〈aˆ†i (t)σˆ j†21 (t ′)aˆm(t ′)aˆn(t)〉dt ′
+∑
{kr}
g j∗r 〈aˆ†i (t)wˆ j(t ′)aˆ†r (t ′)aˆm(t ′)aˆn(t)〉dt ′
+
M
∑
j=1
g j∗m 〈aˆ†i (t)σˆ j11(t ′)aˆn(t)〉dt ′
(H.4)
with
∆ jm = ∆m−δω j12, Γ j = Γ j21+R+ γ l + γr. (H.5)
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We follow the assumptions made in section 5.3.1 and decorrelate quantum dot populations and
internal waveguide modes by making the replacements,
〈aˆ†i (t)wˆ j(t ′)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉 ≈ w j(t ′)〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉, (H.6)
〈aˆ†i (t)σˆ j†21 (t ′)σˆ j
′
21(t
′)aˆn(t)〉 ≈σ j11(t ′)〈aˆ†i (t)aˆn(t)〉δ j j′+ 〈aˆ†i (t)σˆ j
′
21(t
′)〉〈σˆ j†21 (t ′)aˆn(t)〉, (H.7)
with 〈aˆ†i (t)σˆ j
′
21(t
′)〉 specified in equation (6.8). Finally, we adiabatically eliminate the average
〈aˆ†i (t)σˆ j†21 (t ′)aˆm(t ′)aˆn(t)〉. In the same way we can calculate the last correlation term on the
right-hand side of equation (H.3). Again, we only consider coupling strength terms which are at
most of the order of 2. Therefore, the Itô QSDE (H.3) reduces to
d
dt ′
〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉=−
[
i(∆m−∆k)+ γ l + γr
]
〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉
+
M
∑
j=1
∑{kr} g
j
kg
j∗
r w j(t ′)〈aˆ†i (t)aˆ†r (t ′)aˆm(t ′)aˆn(t)〉
Λ jm
+
M
∑
j=1
∑{kr} g
j∗
m g
j
rw j(t ′)〈aˆ†i (t)aˆ†k(t ′)aˆr(t ′)aˆn(t)〉
Λ j∗k
+
M
∑
j=1
g jkg
j∗
m σ
j
11(t
′)ni(t)δin
( 1
Λ jm
+
1
Λ j∗k
)
(H.8)
with
Λ ji = Γ
j/2+ i∆ ji . (H.9)
This equation can be separated into diagonal and off-diagonal elements in terms of the coupling
strength. We assume that the off-diagonal ones weakly contribute compared to the diagonal
elements in direct analogy to the assumption made in section 7. Thus, in first-order perturbation
theory, we can neglect the off-diagonal terms. Furthermore, we replace the inversion w j(t ′) by
its stationary solution w js, w j(t ′) ≈ w js, analog to the calculation of g(2)(0) in section 7.2. The
equation of motion for the fourth-order moment reads
lim
t→∞
d
dt ′
〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉= −αkm〈aˆ†i (t)aˆ†k(t ′)aˆm(t ′)aˆn(t)〉+βikmδin (H.10)
with
αkm = i(∆m−∆k)+ γ l + γr−
M
∑
j=1
w js
(
|g jk|2
Λ jm
+
|g jm|2
Λ j∗k
)
, (H.11)
βikm =
M
∑
j=1
g jkg
j∗
m σ
js
11n
s
i
i(∆m−∆k)+Γ j
Λ jmΛ
j∗
k
. (H.12)
This differential equation is solvable by the method of variation of constants with τ = t ′− t > 0,
which leads to
lim
t→∞〈aˆ
†
i (t)aˆ
†
k(t + τ)aˆm(t + τ)aˆn(t)〉=
βikm
αkm
δin+ e−αkmτ
(
〈aˆ†i aˆ†k aˆmaˆn〉s−
βikm
αkm
δin
)
. (H.13)
The resulting temporal second-order correlation function is given by
g(2)(τ) ' G
(2)(τ)
|G(1)(0)|2 =
∑{ki,kk ,km,kn>0}w
s
ikmn
βikm
αkm δin
(
1− e−αkm|τ|)
∑{ki,kk>0}w
s
ikikn
s
i n
s
k
+ g(2)(0)e−αkm|τ|, (H.14)
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with wikmn specified by equations (7.8) and (7.11). Obviously, g(2)(τ) depends on the central
second-order degree of coherence, calculated in section 7. Please note, that we utilized the
symmetry relation g(2)(τ) = g(2)(−τ) (cf. equation (2.114)). This analytical expression of
g(2)(τ) depends explicitly on the stationary photon number of each mode already studied in
detail in section 5.3.2. It shows an exponential decay for increasing time delay.
H.1 S I N G L E - M O D E Q D S L D
We consider the special case of a single-mode QDSLD composed of M identical QDs. Here,
the temporal second-order degree of coherence (cf. equation (H.14)) reduces to
g(2)(τ) =
σ s11
ns
[
(γ l + γr)(∆2+(Γ/2)2)
MΓ|g|2 −w
s
]−1(
1− e−α|τ|
)
+ g(2)(0)e−α|τ|. (H.15)
Figure 8.1 shows g(2)(τ) with the same set of parameters as already chosen in figure 7.2
for the central second-order degree of coherence. The red line corresponds to the resonant
case ∆ = 0. The blue line shows g(2)(τ) for a detuning of ∆ = 103γ . Clearly, an exponential
Δ=0
Δ=10³γ
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Figure 8.1: Second-order degree of coherence g(2)(τ) as a function of scaled time delay τγ of
a single-mode QDSLD with M = 150 identical quantum dots, coupling constant
g = 7.8γ and detuning ∆ = 0 (red) and ∆ = 103γ (blue). The decay and pumping
rates are γ l = γr = γ , γ21 = 139γ , γ10 = 250γ and R = 1200γ .
decay is observable, ranging from the maximum value of g(2)(τ = 0,∆ = 103γ) = 2 (blue)
and g(2)(τ = 0,∆ = 0) = 1.33 (red) to one, limτ→∞ g(2)(τ) = 1. The coherence time τc for the
resonant case is much larger than the coherence time for ∆ = 103γ . Beside the reduced central
second-order degree of coherence for zero detuning, g(2)(τ = 0,∆ = 0) = 1.33, this increasing
coherence time emphasizes the noise suppressed character of the QDSLD with the special set of
parameters.
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